Hyperbolic Free Boundary Problems and
Applications to Wave-Structure Interactions

TATSUO IGUCHI ¢ DAVID LANNES

ABSTRACT. Motivated by a new kind of initial boundary value prob-
lem (IBVP) with a free boundary arising in wave-structure interac-
tion, we propose here a general approach to one-dimensional IBVP as
well as transmission problems. For general strictly hyperbolic N x N
quasilinear hyperbolic systems, we derive new sharp linear estimates
with refined dependence on the source term and control on the traces
of the solution at the boundary. These new estimates are used to
obtain sharp results for quasilinear IBVP and transmission problems,
and we also use them to propose a general approach to 2 X 2 quasilin-
ear IBVP and transmission problems with a moving or possibly free
boundary. In the latter case, two kinds of evolution equations for
the boundary are considered. The first one is of “kinematic type” in
the sense that the velocity of the interface has the same regularity as
the trace of the solution. Several applications that fall into this cat-
egory are considered: the interaction of waves with a lateral piston,
and a new version of the well-known stability of shocks (classical and
undercompressive) that improves the results of the general theory by
taking advantage of the specificities of the one-dimensional case. We
also consider “fully nonlinear” evolution equations characterized by
the fact that the velocity of the interface is one derivative more sin-
gular than the trace of the solution. This configuration is the most
challenging; it is motivated by a free boundary problem arising in
wave-structure interaction: namely, the evolution of the contact line
between a floating object and the water. This problem is solved as an
application of the general theory developed here.
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1. INTRODUCTION

1.1. General setting. This article is devoted to a general analysis of free
boundary and free transmission hyperbolic problems in the one-dimensional case.
It is mainly motivated by a new kind of free boundary problem arising in the study
of wave-structure interactions and for which the evolution of the free boundary is
governed by a singular equation.

To explain the singular structure of this problem, let us recall some results on
hyperbolic initial boundary value problems (a good reference on this subject is the
book [BGS07]). Let us, for instance, consider a general quasilinear equation of
the form

o0tU+AU)oxU =0

fort > 0 and x € R. It is well known that if the system is Friedrichs symmetriz-
able, that is, if there is a positive definite matrix S (u) such that S(u)A(u) is sym-
metric, then the associated initial value problem is well posed in C([0, T]; H*(R))
if s >d/2+1 (withd = 1 as the space dimension). The proof is based on
the study of the linearized system and an iterative scheme. If we consider the
same equation on R, and impose a boundary condition on U at x = 0, then
the corresponding initial boundary value problem might not be well-posed, even
if the system is Friedrichs symmetrizable. Well-posedness is, however, ensured
if there exists a Kreiss symmetrizer which, as the Friedrichs symmetrizer, trans-
forms the system into a symmetric system, but with the additional property that
the boundary condition for this symmetric system is strictly dissipative (roughly
speaking, this means that the trace of the solution at the boundary is controlled
by the natural energy estimate). The construction of such a Kreiss symmetrizer
is extremely delicate and is usually done under the so-called uniform Lopatinskii
condition which can formally be derived as a stability condition for the normal
mode solutions of the linearized equations with frozen coefhcients. Under such
a condition (and additional compatibility conditions between the boundary and
initial data), a unique solution can again be constructed (though with many more
technical issues) via estimates on the linearized system and an iterative scheme.
The typical result for quasilinear initial boundary value problems satisfying the
aforementioned condition, as announced in [RMey] and proved in [Mok87], is
that the equations are well posed but with higher regularity requirements, and
more importantly, with a loss of half a derivative with respect to the initial and
boundary data.

In some situations, the boundary of the domain on which the equations are
cast depends on time. In dimension d = 1, for instance, this means that instead of
working on R, one works on (x(t), +o), where the function x is either a known
function (boundary in forced motion) or an unknown function determined by an
equation involving the solution U of the hyperbolic system, typically,

x(t) = X(Ul_y))
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for some smooth function x (we shall say that this kind of boundary evolution is
of “kinematic type” because, as for kinematic boundary conditions, the regularity
of X is the same as the regularity of the solution at the boundary). Such problems
are called free-boundary hyperbolic problems.

It is noteworthy that, up to a doubling of the dimension of the system of
equations under consideration, the considerations above can be extended to trans-
mission problems, where two possibly different hyperbolic systems are considered
on the two different sides of an interface, and where the boundary condition is
replaced by a condition involving the traces of the solution on both sides. One
of the most famous transmission problems with a free boundary is the stability
of shocks. The problem consists in finding solutions to a quasilinear hyperbolic
system that are smooth on both sides of a moving interface and whose traces on
the interface satisfy the Rankine-Hugoniot condition together with the so-called
Lax shock inequalities). In dimension d = 1, this latter condition provides an
evolution equation for the interface of the same form as above.

Showing the well-posedness of free boundary hyperbolic problems requires
new ingredients, and in particular, the following:

o A diffeomorphism must be used to transform the problem into a bound-
ary value problem with a fixed boundary.

e A change of unknown must be introduced to study the linearized equa-
tion. Indeed, with the standard linearization procedure, a derivative loss
occurs due to the dependence of the transformed problem on the dif-
feomorphism. This loss is removed by working with Alinhac’s so-called
“good unknown.”

The proof of the stability of multi-dimensional shocks is a celebrated achievement
of Majda [Maj83a, Maj83b, Maj12], with improvements in [Mét01]. Since the
proof relies on the theory of initial boundary value problems, the same loss of half
a derivative with respect to the initial and boundary data is observed.

The free boundary problem that motivates this work is the evolution of the
contact line between a floating object and the water, in the situation where the
motion of the waves is assumed to be governed by the (hyperbolic) nonlinear
shallow water equations, and in horizontal dimension d = 1. In a simplified
version, this problem can be reduced to a free boundary hyperbolic problem, but
with a more singular evolution equation for the free boundary, which is of the
form

U(t,x(t)) = Ui(t,x(1)),

where Uj is a known function (for the contact line problem, this condition ex-
presses the fact that the surface elevation and the horizontal flux of the water are
continuous across the contact point). Time differentiating this condition yields an
evolution equation for x of the form

x(t) = X((atU)|X=£(f)’ (OxU) Ix—yiyr (Ot Ui 1oy (aXUi)‘X=&(f))'
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The standard procedure for free boundary hyperbolic problems described above
does not work with such a boundary equation, because there is obviously a loss of
one derivative in the estimates: the boundary condition is fully nonlinear. In order
to handle this new difficulty without using a Nash-Moser type scheme, we propose
to work with a second-order linearization and introduce a second-order Alinhac
good unknown in order to cancel out the terms responsible for the derivative loss.

Proving the well-posedness of this fully nonlinear free boundary hyperbolic
problem also requires sharp and new estimates for one-dimensional hyperbolic ini-
tial boundary values problems that are of independent interest. One-dimensional
hyperbolic boundary value problems are generally dealt with using the method of
characteristics [LY85]. In the Sobolev setting, there is no specific work dealing
with the one-dimensional setting, and the general multi-dimensional results are
used, with their drawbacks: high regularity requirements and derivative loss with
respect to the boundary and initial data. These drawbacks, however, can easily
be bypassed by taking advantage of the specificities of the one-dimensional case,
and in particular of the explicit construction of the Kreiss symmetrizers. For this
reason, we propose in this article a general study of initial boundary value prob-
lems (as well as transmission problems) for fixed, moving, and free boundaries.
This study is based on the new sharp estimates developed to solve the fully non-
linear free boundary problem mentioned above, and fully exploits the specificities
of the one-dimensional case. In particular, the high regularity requirements and
the derivative loss of the general theory are removed. This is of interest in solving,
for instance, the problem of transparent conditions for hyperbolic systems. We
use this general approach to solve several problems coming from wave-structure
interactions, as well as other problems such as conservation laws with a discontin-
uous flux and the stability of one-dimensional standard and nonstandard shocks.
Another advantage of our approach is that it is much more elementary than the
general results, and does not require refined paradifferential calculus, for instance.

1.2. Organization of the paper. Section 2 is devoted to the study of several
kinds of free boundary problems for 2 x 2 quasilinear (strictly) hyperbolic systems
(the general case of N X N systems is postponed to Appendix C). The case of non-
homogeneous linear initial boundary value problems with variable coefficients and
a fixed boundary is considered first in Section 2.1. The main focus is the deriva-
tion of a sharp estimate, given in Theorem 2.5, which requires only a weak control
in time of the source term (weaker than L' (0, T), which is itself weaker than the
standard L2(0, T) that can be found in the literature [BGS07]), and which pro-
vides a better control of the trace of the solution at the boundary. We first assume
the existence of a Kreiss symmetrizer, and derive a priori weighted L%-estimates
in Section 2.1.2, and higher-order estimates in Section 2.1.4. In order to com-
plete the proof of Theorem 2.5, the main step, performed in Section 2.1.5, is the
explicit construction of a Kreiss symmetrizer under an explicit Lopatinskii condi-
tion. In Section 2.2, these linear estimates are used to prove the well-posedness of
quasilinear systems; Theorem 2.25 provides a sharp result for such systems, which
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takes advantage of the specifities of the one-dimensional case and improves the
results provided by the general (multi-dimensional) theorems. It can be used for
improving, for instance, the existing results concerning transparent boundary con-
ditions for the nonlinear shallow water equations. In Section 2.3 we go back to
the analysis of linear initial boundary value problems, but this time on a moving
domain, that is, in the case where the domain on which the equations are cast is
(x(t), ), with x assumed here to be a known function. Using a diffeomorphism
that maps R+ to (x(t), o) for all times, this problem is transformed into an initial
boundary value problem with fixed boundary, but whose coefficients depend on
the diffeomorphism. One could apply Theorem 2.5 to this problem, but would
lose an unnecessary derivative in the dependence on the diffeomorphism. This
loss is avoided in Theorem 2.31 by applying Theorem 2.5 to the system satisfied
by Alinhac’s good unknown; in order to get a sharp result in terms of regular-
ity requirements on the initial data, the sharp dependence on the source terms
proved in Theorem 2.5 is necessary at this point. These linear estimates are then
used in Section 2.4 to study quasilinear initial boundary value problems with free
boundary, that is, where the function x (t) is no longer assumed to be known, but
satisfies an evolution equation. The case of an evolution equation of “kinematic”
type is considered first, so that a diffeomorphism of “Lagrangian” type can be used
and a solution constructed by an iterative scheme based on the linear estimates
of Theorem 2.31. The more complicated case of fully nonlinear boundary con-
ditions of the type mentioned above is addressed in Section 2.5. To handle this
problem, another kind of diffeomorphism must be used and a generalization of
Alinhac’s good unknown to the second order must be introduced to remove the
loss of derivative induced by the fully nonlinear boundary condition. A more gen-
eral type of fully nonlinear condition is also considered in Section 2.5.4, where a
coupling with a system of ODE:s is allowed.

As a first illustration of the fact that the theory developed above for 2x2 initial
boundary value problems can be generalized to systems involving a higher number
of equations (the general case of N x N hyperbolic systems is treated in Appen-
dix C), we propose in Section 3 a rather detailed study of transmission problems.
More precisely, we consider two 2 X 2 hyperbolic systems cast on both sides of
an interface, and coupled through transmission conditions at the interface. Such
transmission problems can be transformed into 4 X 4 initial boundary value prob-
lems to which the above theory can be adapted. Linear transmission problems are
first considered in Section 3.1, the main step being the construction of a Kreiss
symmetrizer whose nature depends on the number of characteristics pointing to-
wards the interface; the nonlinear case is then considered in Section 3.2. Moving
interfaces are then treated in Section 3.3 for linear systems, and an application
to free boundary transmission problems with “kinematic” boundary condition is
given in Section 3.4.

A first application of the general theory described above to wave-structure in-
teractions is given in Section 4. The problem consists in studying the interaction
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of waves in shallow water with a lateral piston. The nonlinear shallow water equa-
tions are a quasilinear hyperbolic problem that falls into the class studied above.
The domain is a half-line delimited by a piston which can move under the pressure
force exerted by the wave. Its motion (and therefore the position of the boundary)
is given by the resolution of a second-order ODE in time (Newton’s equation)
coupled with the nonlinear shallow water equations. The key step is to show
that this evolution equation is essentially of “kinematic” type so that the results of
Section 2.4 can be applied.

In Section 5 we present the problem that motivated this work, namely, the
description of the evolution of the contact line between a floating body and the
surface of the water in the shallow water regime. We recall in Section 5.1 the
derivation of the equations proposed in [Lan17] to describe this problem, and in-
vestigate first, in Section 5.2, the case of a fixed floating body. We show that the
problem can be reduced to an initial boundary value problem with free boundary
governed by a fully nonlinear equation, which allows us to use the results of Sec-
tion 2.5. The extension to the case of a floating object with a prescribed motion is
then presented in Section 5.3, and the more complicated case of a freely floating
object is studied in Section 5.4. For this latter case, the evolution of the con-
tact point is more complicated because it is coupled with the three-dimensional
Newton equation for the solid (on the vertical and horizontal coordinates of the
center of mass and on the rotation angle). Technical computations are postponed
to Appendix A.

We finally present in Section 6 several applications of our results on transmis-
sion problems. The first one, considered in Section 6.1, is a general 2 X 2 system
of conservation laws with a discontinuous flux (a typical example is provided by
the nonlinear shallow water equations over a discontinuous topography). We then
investigate in Section 6.2 the stability of one-dimensional shocks (both classical
and undercompressive); using our sharp one-dimensional results, we are able to
improve the results one would obtain by considering the one-dimensional case
in the general multi-dimensional theory of [Maj83a, Maj83b, Maj12, Mét01] for
classical shocks and [Cou03] for undercompressive shocks.

1.3. General notation.
- We write Q7 = (0, T) X R,.
- The notation 0 stands for either 0y or 9, so that 0f € L*(Qr), for
instance, means

dOnf EL®(Qr) and  Of € L®(Qp).

- We denote by - the R? scalar product and by (-, )2 the L?(R.) scalar
product.

- If A is a vector or matrix, and X a functional space, we simply write A € X
to express the fact that all the elements of A belong to X.
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- To define smooth solutions of hyperbolic systems in Qr = (0, T) X Ry, it
is convenient to introduce the space W™ (T) as

W™(T) = () C/([0, T H™/(Ry)),
Jj=0

with associated norm

m
lllwnry = sup [[u(t) lm  with | w(®)lm = 3 10/ u(®)llm-iw,)-
te[0,T] j=0

We have in particular H"*1(Qr) ¢ W™(T) Cc H™(Qr).

- In order to control the boundary regularity of the solution, it is convenient
to use the norm

m 1/2 u 5 1/2
Uy lm,t = (Z |(axu)|x 0 Hm J Ot)> = ( Z | (0 u)|x:0|LZ(0,t)) .

lx|<m

- We also use weighted norms with an exponential function e ¥* for y > 0

defined by
1/2
|g|L§,(o,t) = (JO —2t |g(t )| dt ) ,
m 1/2
gl = (Z |atg|L2 Ot)> ,
=0
() llm,y = e [ w@)|fm,
lullwyry = sup [[u(@)[lm,y,
te[0,T]
m
, 5 1/2
U)o lmye = (2 | @xw)., |H§"’j(o,t)> )
j=0

2. HYPERBOLIC INITIAL BOUNDARY VALUE PROBLEMS WITH
A FREE BOUNDARY

This section is devoted to the analysis of a general class of initial boundary value
problems, with a boundary that can be either fixed, in prescribed motion, or freely
moving. We refer to Section 1.3 for the notation, and in particular for the defini-
tion of the functional spaces.
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2.1. Variable coefficients linear 2 x 2 initial boundary value problems.
The aim of this section is to provide an existence theorem with sharp estimates
for a general linear initial boundary value problem with variable coefhicients of the
following form:

oru + A(t,x) oxu + B(t,x)u = f(t,x) inQr,
(2.1) U, = u(x) on R,
v(t) -up_, =4g(t) on (0,T),

where u, u™, f, and v are R?-valued functions and g is a real-valued function,
while A and B take their values in the space of 2 X 2 real-valued matrices. We
also make the following assumption on the hyperbolicity of the system and on the
boundary condition.
Assumption 2.1. There exists co > 0 such that the following assertions hold:
(i) AeWh>(Qr), BE L*(Qr), v € C([0,T]).
(ii) For any (t,x) € Qr, the matrix A(t,x) has eigenvalues A, (t,x) and
—A_(t, x) satisfying A+ (t,x) = co.
(iii) (7he uniform Kreiss-Lopatinskii condition). Denoting by e, (t,X) a unit
eigenvector associated with the eigenvalue A, (t,x) of A(t,x), forany t €
[0, T1 we have |v(t,0) - e~ (t,0)] = co.
Example 2.2. A typical example of application is to consider the linearized
shallow water equations with a boundary condition on the horizontal water flux
q. This system has the form

at§+ axq = 01
2

8tq+2%axq+ (gh— 1 )ax§=0,

n’
with initial and boundary conditions

€, =@C"q") and gq,_, =g,

where g is the gravitational constant. This problem is of the form (2.1) with
u=Cq"B=0,f=0,v=(01T, and

0 1
(2.2) AL, x) = A(u) = ( q* q) .
42 hz h

The eigenvalues +A. and the corresponding unit eigenvectors e: of A are given
by A = \/gh = qa/h and e = (1/4/1 + A2)(1,+A.)7T, so that Assumption 2.1 is
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satisfied provided that h,q € W~ (Qr), and

q(t,x)
h(t,x) = co, +gh(t,x) = W) >0

with some positive constant ¢ independent of (t,x) € Qr.

Notation 2.3. To define an appropriate norm to the source term f(£,x) in
(2.1), it is convenient to use the following norm to functions of t:

$5ir(f) = sup H LTezytf(t)QD(t)dt‘ :

T 1/2
sup eV lp0)] + (v [ eipwrar) <1},
tel0,T] 0

which is the norm of the dual space to L3 (0,T) N Lg,(O, T) equipped with the

norm
1/2

T
sup e’”l(ﬂ(t)|+(yj e*”l@(t)lzdt>
tel0,T] 0

associated with the inner product of Lf, (0, T).

It is easy to check that S7;(f) is a nondecreasing function of ¢ > 0 for each
fixed f and that S7,(f) is monotone with respect to f in the sense that if 0 <
fi1(t) < fo(t) for t € [0,T], then we have S;,k,t(fl) < S;f‘t(fz) fort € [0,T].
Moreover, we have

T
Sirlh) = | ertirwlar,

T 1/2
Sir(f) < (i L efPat)

Remark 2.4. The first of these two inequalities implies an L?-type control
through the Cauchy-Schwarz inequality,

LTe-ﬂ|f(t>| dt < ﬁ(joTe—m|f<t)|2dt)”2,

but with a righthand side involving a factor +/T. This is not the case for the L2-
type control (with respect to time) deduced from S;‘T( f), and this improvement
allows us to derive energy estimates with exponential growth in Theorems 2.5,
2.31, and 3.5, for instance.

The main result of this section is the following theorem (see Section 1.3 for the
definition of W™~1(T) and of the various weighted norms used in the statement).
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Theorem 2.5. Ler m = 1 be an integer, T > 0, and assume Assumption 2.1 is
satisfied for some co > 0. Assume, moreover, there are constants 0 < Ko < K such that

o lAllL=7), [VIL=(0,1) < Ko,
lAllw=@r), IBllL=@7), (A, 0B)llwm-1(1), |VIwm=o1) <K.

Then, for any datau™ € H™(R..), g € H™(0,T), and f € H™(Qr) satisfying the
compatibility conditions up to order m — 1 in the sense of Definition 2.8 below, there
exists a unique solution w € W™ (T) to the initial boundary value problem (2.1).
Moreover, the following estimate holds for any t € [0, T] and any y = C(K):

t 1/2
1) iy + ([ 1) Iy )+ fa e
< C(Ko) ([l w(0) llm +1glemr 0,0 + | fismo lm—1,.t + Sye 10ef (llm-1))-

In particular, we have

(@) lfm + 12 e < C(Ko)eaK”( 1110 [llin +1glEm o,

t
il + jo 3ef () lmer dt').

Remark 2.6. A more general version of this theorem for N X N systems is
provided in Theorem C.4 in Appendix C. The estimates provided by the theorem
are a refinement of classical estimates that can be found in the extensive literature
on initial boundary value problems (see, e.g., [Sch86, Mét01, BGS07, Mét12]).

(i) Most of the time, these references provide a control of the source term in L2-
norm with respect to time; it turns out that such a control is not enough to handle
“fully nonlinear” boundary conditions as in Section 2.5 below. In [Mét01], a
more precise upper bound involving only the L!-norm in time of f is provided
but only for constant coefficient symmetric systems (this kind of estimate has also
been derived in the case of maximally dissipative boundary conditions (see, e.g.,
[Rau85])). The above theorem extends this result to variable coefficients systems
and also refines it since it provides a control in terms of S}, instead of L'. This
latter refinement is important, for instance, to get low regularity results—W?2(T)
instead of W3(T)—in Theorems 2.25, 2.39, 2.44, 2.54, and 3.12.

(ii) In addition to the classical L* (0, T) upper bound on t ~ |[[u()|||m, our es-
timates provide a control of its L' (0, T)-norm which is uniform with respect to
t (see the comments in Remark 2.4 above) which is typical of weighted estimates
[Mét12, BGS07]. This term is essential in the derivation of the higher-order esti-
mates (see the proof of Proposition 2.17).

Remark 2.7. The assumption |V|ym= (o) < K can be weakened into
|V|W1,wmwm—1,w(0,]—) <K, Iaf“vle(o,T) <K

(this is a particular case of Theorem 2.31 below with x = 0).
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2.1.1. Compatibility conditions. From the interior equations, denoting
Uk = 6fu, we have u; = —A0xu — Bu + f. More generally, differentiating the
equation k-times with respect to t, we have a recursion relation

k . .
Uk+1 = — Z <§> {(af_JA) OxUj + (8f_JB)uj} + alff

j=0
For a smooth solution u, u}' = ux,_, is thus given inductively by u{ = u' and

k

. k » . » .
(2.3) u;?+1 == Z <J> {(af JA)|t=0 axulj1 + (af JB)lt:()uljn} + (al‘(f)h:()'
=0

The boundary condition v(t) - u|,_, = g also implies 8f(v(t) U, = afg. On
the edge {t = 0, x = 0}, smooth enough solutions must therefore satisfy

k , ,
(2.4) > (?) (0/V)),_, UR G (Of @) 110

Jj=0

Definition 2.8. Let m > 1 be an integer. We say that the data u» € H™(R,),
f € H™(Qr), and g € H™(0, T) for the initial boundary value problem (2.1)
satisfy the compatibility condition at order k if the {uij“ } 7L defined in (2.3) satisfy
(2.4). We also say that the data satisfy the compatibility conditions up to order
m—1 if they satisfy the compatibility conditions at order k fork = 0,1,...,m—1.

2.1.2. A priori L*-estimate. We prove here an L? 4 priori estimate using the

following assumption, which we verify later as a consequence of Assumption 2.1.

Assumption 2.9. There exists a symmetric matrix S(t,x) € My(R) such that

Jor any (t,x) € Qr, S(t,x)A(t, x) is symmetric and the following conditions hold:

(i) There exist constants &g, Bo > O such that for any (v,t,x) € R? X Qr we
have xo|v|? < VIS (t,x)v < Bolv 2.

(i) There exist constants &1, B1 > 0 such that for any (v,t) € R? x (0,T) we
have

vIS(t,00A(t,0)0v < —oq|v]? + Bilv(t) - vI2
(i11) There exists a constant By such that
10¢S + 0x (SA) = 25Bll12(Qr)~12(r) < Ba-

Notation 2.10. We denote by Bi < By any constant such that the inequality
in (i) of the assumption is satisfied at t = 0.
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In the L? a priori estimate provided by the proposition, the control of the
source term by S;,k,t(ll S ()l12) is crucial to get the refined higher-order estimates
of Theorem 2.5.

Proposition 2.11. Under Assumption 2.9, there are constants

co=C(£ ﬁ) and c1=C<&ﬁ @>

X’ & &’ o o

such that for any u € H'(Q7) solving (2.1), anyt € [0,T1, and any y = B2/ o,
the following inequality holds:

t 1/2
a0 loy +(v [, Ity 1By a) T g0
< collui™||z2 + ci(lglpz 0,0 + Sy eULF ),
where we recall that S;f‘t (IF () r2) is defined in Notation 2.3.

Proof. Multiplying the first equation of (2.1) by S and taking the L2(Qy) scalar
product with e 2w, we get after integration by parts

t
e Sut), ult)): + 2yJ e Y (Su,u) 2 dt’
0

t
- J e (SAu - ), dt’
0
. . t ,
= (S|, U, Ui e + J e (3,8 + 0x(SA) — 2SB)u + 25.f,u) - dt'.
0

Using Assumption 2.9 with Notation 2.10, this yields
t
o 0 Iy + ooy = Ba) [ ) 1y at’ + e i,y B
i i t 4 ’ 7 7
< BRI+ B 1a1 T30 + 260 | e P IFW I @) e e

We evaluate the last term as

t
L e | £ ()1 () I i’

t 1/2
< S5 F Ol + (v | e I3y at)

< SEAFOI) tllyg ) + ﬁ—zsj,t(llf(-)lle)z

10(()

t
20 ’ 2 ’
e gy || ) 13, ar
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and we deduce that

t
Y ’ ’ X1 2
@) W By + % [ 1) 1y at +
.30

BO ||um

||L |g|LZ(0t +2 ‘t(Hf(')HLZ)HuHWg(t)

2

+2<B° ,t<||f<->||Lz>)
Bin 0 B 1

< —(z)||u ||iz + (x_:) |g|i§(0,t) + §||u||\>zfv‘;(t)

2

+4(B° 510

fory = B2/ . In particular, we have

1 2
§||u||w0(t) = ||um||L2+ |g|L2 Ot)+4(§(())S;<,t(”f(')”ﬂ)> .

Plugging this into (2.5), we obtain the desired estimate. O

2.1.3. Product and commutator estimates. To obtain higher-order a priori
estimates, we need to use calculus inequalities. By the standard Sobolev imbedding
theorem H!(R;) = L®(R,), we can easily obtain the following lemma.

Lemma 2.12. Let m = 1 be an integer. There exists a constant C such that the
Jollowing inequalities hold:
(i) Il w@®v @) [|m < CUUMD) 1= ®.) + [[[OUE)[[[m=1) | V()]s
(ii) [[[0%, u(t) v ()| j2r,) < CUBU(E) L= ®,) + [|OU®)]llm-1)
X[V @) lm-r  if lxl < m,
(iii) o[0%, u(t) v (H)llr2w,) = CUIOU(E) L= r.) + [[[OU(E)][[m-1)
X lv@) |m-1 ifla| <m -1,
(iv) lo[o%;u(t), v(E) 2w,y = C ||| ou(t) |[[m-2 |0V (D)][m-2
f2<lal<m-1,
where [0%u,v] = 0% (uv) — (0%u)v — w(0%V) is the symmetric commutator.

The following Moser-type inequality is a direct consequence of the above
lemma.

Lemma 2.13. Let U be an open set in RN, F e C*(U), and F(0) = 0. If
m € N and uw € W"(T) takes its values in a compact set X C U, then for any
t € [0, T] we have

[1(F () ()[[m = CUUlwimms ) I w(E)[|lm,

where [m 2] is the integer part of m/2.
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Remark 2.14. In the standard Moser-estimate

IF () lgs ) < Crlullis @) lullzs@q),

the constant C7(+) depends singularly on T for small T. The estimate provided in
the lemma is far from being optimal but the constant that appears in the righthand
side is independent of T. In order to derive blowup criteria, for instance (which
we do not carry out here), it is necessary to use sharp and tame nonlinear estimates
in the spirit of, for instance, Section 4.5 in [Mét01] and Section 5.2 in [BLM].

We also need Moser-type inequalities for the trace at the boundary of the
nonlinear terms, as in the following lemma.

Lemma 2.15. Let U be an open set in RN, F e C*(U), and F(0) = 0. If
m e N andu = u(t,x) takes its values in a compact set KX C ‘U, then we have

(i) Folme < C( 3 1@ Wl 0.0) [ty It
la|<[m/2]

(i) FW) eyl < CURlwimers () 1o L.t

(iii) [0t (F (1)), lm,t < CUIUIwmy, 1llz=(r))

X ([0t U) g lm,t + 0cullwm ey 11— lm,t ),

where [m 2] is the integer part of m/2.

Proof. The proof of (i) is straightforward and (i) together with the Sobolev
imbedding theorem H!(R.) = L®(R) yields (ii). We will prove (iii). The
case m = 0 is obvious so that we assume m = 1. In view of 0% 0;(F(u)) =
F'(u) 0% osu + [0%,F' (u)] 0¢u, we have

[0t (F(U)) |, olmt <
< Cl(0tU) |y lmt + Cllorullwm-1=(q,) Z [0%F" (u)12(0,1)

1<|x|l=m

< ClOU) g Im,t + CUM N ywom141 () 10 U llwm () 1U g It

Since [m/2] + 1 < m, we obtain the desired inequality. |

Lemma 2.16. There exists an absolute constant C such that for any y > 0 and
any integer m = 1 we have

t 1/2

(2.6) e YHu(t)| + (yJ e—2yt’|u(t’)|2dt’> < C(lu(0)] + S5 (locul)),
0

Q2.7)  uieglm-1,y,e < CTV2 w0 [llm +y Uiy lim,y,t)s

t 1/2
@8) 1) vy + (v | @) [y at')
< CQIlO) o1 +850 12U 1)
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Proof. Integrating the identity
S ) P) + 2ye P u(t) P = 27 u(e) - (),
we have

t
e 2 u(t)|> + 2yJ e U u(t’)|*at’
0

t
= u(0)|? + 2[ e Uy (t’y - dpu(t’)dt’.
0
The last term is evaluated as

t
2[ eyt - dpu(t’)dt’
0
t
< 2J e ()| |9u ()| At
0

t 1/2
szs;ﬁtuatun{ sup e ! |u(t’)|+<yJ e 2t |u(t’)|2dt’) }
0

t'[0,t]

<

t
2 sup e () Py [ e ) Pt + 355 (),
2 t'e[0,t] 0

so that we obtain (2.6). Similarly, we can show (2.8). As a corollary of (2.6), we
have

Ul o < Cly 2 lu(0)] + Y Hocul 2 0,0)-

Applying this to (0%u)|,_,, summing the resulting inequality over |x| < m — 1,
and using the Sobolev imbedding theorem H!(R.) = L®(R,), we get (2.7). O

2.1.4. Higher order a priori estimate. We can now state the generalization
of Proposition 2.11 to higher-order Sobolev spaces.

Proposition 2.17. Let m = 1 be an integer, T > 0, and assume Assumption 2.9
is satisfied. Assume, moreover, there are two constants 0 < Ko < K such that

B2

€0, C1, ||A||L°°(QT)J ||A71 ||L°°(QT), |V|L°°(O,T) = KOJ
' lAllwrorys IBllL=(q)s 1(QA, 0B) llwm-1(), [VIwme 1) < K,

where ¢y and ¢\ are as in Proposition 2.11. Then, every solution u € H™ 1 (Qr)
to the initial boundary value problem (2.1) satisfies, for any t € [0,T] and any
y = C(K),
t 12
180 oy + (3 [ ) [y @t) 4 Tty
< C(Ko) (1w (0) llm +1g1ugr .y + | fiecolm-1,y,t + Sy UOef @) [[m-1))-
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Remark 2.18. The weighted estimates provided in this proposition allow an
exponentially growing (in time) control of ||| (t)|||m in Theorem 2.5. It is possible
to bypass the use of weighted estimates by a repeated use of Gronwall’s estimate,
but it seems hard to get better than a double exponential control in Theorem 2.5
with such techniques.

Proof. Let wm = 0{"u. Then, U, solves

OtUm + A(t,x) OxUm + B(t,X)Uym = fin  in Qr,
Um|,_, = (0{"U)|,_, on Ry,
V(t) - Um|, = Gm (L) on (0,T),
where
Sm = 0" (f — Bu) — [0, Al oxu,
{gm =0"g — [0[",v] - U,

Applying Proposition 2.11, we obtain

t 1/2
2t o +( [, Wt @) 1y @t) ™+ it 13000
< ¢ ||| u(0) |Hm +Cl(|gm|L§(o,t) + S;(‘t(Hfm()HLZ))

On the other hand, it follows from Lemma 2.12 that

lgmlz0,0 < 19lmron + CEIU L lm-1,y,¢-

{nfmu)np < 18ef () llm—1 +CK) [[| w(t) |,

Therefore, we obtain

t 1/2
@9 ltem(® loy +(y | Mm@ 1By a6') "+ i, 13000

< C(Ko) ([l w(0) lllm +1glegr0,6) + Syt (0ef (lllm-1))
+ C(K) (1) lm-1,y,t + Sy ([ (E)][lm))-

We proceed to control the other derivatives. Let k and € be nonnegative integers
satisfying k + € < m — 1. Applying 9F 9% to the equation, we get

ok 1 olu + Aok ol 'u = 0K aL(f — Bu) — [0F 0L, Aldyu =: fiy.
By using these two expressions of fi ¢ together with Lemma 2.12, we see that

| fi,e(0)[Iz2 < C(Ko) ||| w(0)]||m,
10c fx,e (D)2 < [[[0e.f () [lm—1 +C(K) [[| w(@)][[m,
|fk,{’\X:0|L§,(o,t) = |f|x:0|m—1,y,t + C(K)|u|x:0|m—1,y,t-
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We have now the relation 9f 0£+1u = A~ (f.p — 0K*18%u) so that

ok 3L+ u(t) 2 < C(Ko) (10K 0Lu () Iz + Il fie(t)l112),
|(3F a£+1u)\x=o|L§/(0,t)
< C(Ko)(I(3f*! %) oIz 00 + | bl 2 0,0))-

Therefore,
¢ 1/2
Il 3% 041w (t) Yo,y +(>/ fo ll3F o™ u (") I3,y dt')
+ 1 (of a£+1u)\X:0|L§(o,t)

t 1/2
< CKo) | 1987 2Luc) [loy +(y | 10" abuce') 13, av')

+1F kw200 + I1fie®lloy

t 1/2
# (v | Ie@) 1By a) oo

Here, by Lemma 2.16 we have

t 1/2
I fe® oo + (v [ @ 13, at')

< C(Ilfk,e(0)llz2 + S5+ (N0e fr,e () 1112))
< C(Ko) ([l w(0) fllm +Sy ¢ (10ef ()lllm-1)) + CEK)IST (N[ ()flm)-

By using the above inequality inductively, we obtain

t 1/2
1206 Ty (v [, I By 08) Tt e
< CEo) | I1200) [l 852 )l + a1
t 1/2
() ooy + (3 [ Mm@ 1y dt) ™+ i 1300

t 1/2
1) ey + (3 [ M) 1By @)
+ C(K) (1o lm-1,y,t + S5 () [[lm)).
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This together with (2.9) and Lemma 2.16 implies

t 1/2
1206 Ty (¥ [, ) By 08) Tt b

< C(Ko) (I1€0) lllm +19 115 0. + | Flmo lm- 130t
+ 5513 f (lllm-1)) + CE) (g b1,y + S5 () )
< CKo) (1 w(0) [llm +1g1 b 0.6) + | fiaolm-1.y.6 + S5 (19t ()lm-1))

t 1/2
+COy 2 1@ o+ (v [ e 1, ')
+ y71|u|x:0|m,y,t}-

Therefore, by taking y sufficiently large compared to C(K), we obtain the desired
estimate (note that this would not be possible without the second term of the

lefthand side). O

2.1.5. Proof of Theorem 2.5. Under Assumption 2.9, the existence and
uniqueness of a solution u € W™(T) to (2.1) can be deduced from Propo-
sition 2.17 and the compatibility conditions along classical lines (see [Mét01,
Mét12, BGS07], e.g.). We still have to prove that the assumptions made in the
statement of Theorem 2.5 imply that Assumption 2.9 is satisfied. This is given by
the following lemma.

Lemma 2.19. Let co > 0 be such that Assumption 2.1 is satisfied. There exist a

symmetrizer S € WL (Qr) and constants o, &1 and Bo, B1, B2 such that Assump-
tion 2.9 is satisfied. Moreover, we have

1 1
¢ = C (—, ||A|t:0||pe<ug+)) and ¢ <C (—, ||A||Lm<m>) ,
Co Co

where ¢y and ¢\ are as defined in Proposition 2.11, and we also have

B2 1
o =C (C—O, Allwie s ||B||Lm<QT)) .

This lemma is a simple consequence of the following proposition and its
proof, which characterizes the uniform Kreiss-Lopatinskii condition (iii) in As-
sumption 2.1.

Proposition 2.20. Suppose that the condition (ii) in Assumption 2.1, |v(t)| =
co, and |A(t,x)| < 1/co hold for some positive constant co. Then, the following four
statements are all equivalent.

(i) There exist a symmetrizer S € WYL (Qr) and positive constants o and By
such that xoId < S(t,x) < Bold and that, for any v € R? satisfying
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v(t) - v =0, we have
vIS(t,00A(t,0)v < 0.

(i) There exist a symmetrizer S € WV (Qr) and positive constants o, Bo, &1,
and By such that «old < S(t,x) < Bold and that, for any v € R?, we
have

vIS(t,00A(t,00v < —o1 V]2 + Brlv(t) - v|%

(iii) There exists a positive constant &g such thar |Tt_(t,0)v(t)*| = o, where
T+ (t, X) is the eigenprojector associated with the eigenvalue +A.(t,x) of
A(t,x).

(iv) There exists a positive constant o such thar |v(t) - e, (t,0)| = o, where

e (t,x) is the unit eigenvector associated with A+ (t,Xx), the eigenvalue of
A(t,x).

Proof: We note that the eigenprojector 11+ (£, x) is given explicitly by

CA(,x) +A(t,x0)1d

7T+(t,X)— ﬂ,(t,x):—A(t’x)_A+(t’x)Id

Ap(t,x) +A_(t,x)’ Ap(t,x) +A_(t,x)

and that, under the assumption, A~ (t, x) and |17 (¢, x)| are bounded from above
by a constant depending on ¢o. We see that

[V(E) - e (£,0)] = [v(E)* - e (t,0)"]
= [(r_(t,0)v(£)*") - e (£,0)*]
< |m_(t,0)v(t)*]
and that
[T (t,0)v(t)*| = [(v(E)* - e (t,0))TT_(t,0)e (t,0)"]
< |- (t,0)[ [v(t) - e+ (,0)].

These imply the equivalence of (iii) and (iv). Obviously, (ii) implies (i).
We proceed to show that (i) implies (iii). By the assumption, we have

V(TS (E,0AE,0)v(t)*: <0,
which together with the spectral decomposition

A(t,x) = AL (t,x)mmo (t,x) —A_(t,x)mT_(t,x)
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implies
Cooo|TT4 (E,0)v (t)*?
< A4 (t,0) (114 (£, 0)v(£) 1) TS (£,0) 7T, (£,0)v(E)*
< (A_(t,0) — /\+(t,0))(Tr+(1t,0)v(1t)l)TS(t,O)Tr,(lt,O)v(t)L
+ A_(t,0) (T (£,0)v() ") TS (¢, 0)TT_(t,0) v (t)*

< BolA=(t,0) — A4 (t,0)| [Tt (£, 0) v (E) "] [Tr—(t,0)v(E)*]
+ BoA_(t,0)|TT_(t,0)v(t)*|>.

In particular, we have

Cooo| T4 (£,0)v ()4 ]2

- B3lA_(t,0) — A, (t,0)]2
N CoXo

+2BOA(t,O)> |t (£,0)v(t)*]?.

Therefore, in view of cg < [v(t)| < |Tr_(t,0)v(t)*| + |11+ (L, 0)v(t)*| we obtain
the desired inequality in the statement (iii).

Finally, we will show that (iii) implies (ii). This is the most important part of
this proposition. We want to show that for a suitably large M > 1, a symmetrizer
S(t, x) satisfying the conditions in the statement (ii) is provided by the formula

S(t,x) = 1 (t,x) 1, (8, %) + M7 (t,x) "' (t, x),
so that the first point of (i) is satisfied with &g = 1 and By = M|T_||g2—g2 (and
ITr_|r2— g2 being itself controlled by a constant of the form C(1/cy)). By the
definition of 7T+, we compute indeed that
SA = A+TFITF+ —MA_Ttrm,
which is obviously symmetric. For the second point of (ii), we just note that
vISAV = A v > - MA_|T_v |2
We need to show that this quantity is negative on the kernel Rv+ of the boundary

condition. Under the hypothesis, we can assume that |v(t)| = 1 without loss of
generality. Then, we see that

—|m_v]? = - (vt - v)movt + (v-v)mev|?
1
< —ElvL v PP vt R+ v v P mv)?
1 L2 04,12 2 12 2
S—Elﬂ_v [“lv|° + (JT_v]* + [T_v* %) [v - V]
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and that
Imev)? = [(vE - v)mev:t + (v - v)mev)?
<2l vi P vt v+ 2lmvF v - v)?

<4V v +4(mvi P + Iy v - v

Therefore, we obtain

112
VISAV < —A_ |t v+ (% —4A—*M> v |2

Al |TT_vL|?

A MU Vv]? + [TtV ?) +4AL (v 2 + v D) Hv - v )2

Taking for instance

Ay mavt?
M =2+8sup Y
P A v

we easily obtain the desired inequality in the statement (ii). O

2.2, Application to quasilinear 2 x 2 initial boundary value problems.
The aim of this section is to use the results of the previous section to handle general
quasilinear boundary value problems of the form

oru + A(u) oxu + B(t,x)u = f(t,x) inQr,
(2.10) U, = u(x) on Ry,
d(t,u,_,) =g(t) on (0,T),

where u, u'®, and f are R2-valued functions and g and ® are real-valued func-
tions, while A and B take their values in the space of 2 x 2 real-valued matrices.
We also make the following assumption on the hyperbolicity of the system and on
the boundary condition.

Assumption 2.21. Let U be an open set in R?, which represents a phase space of
u. The following conditions hold:

(1) AecC>(U).
(ii) For any w € ‘U, the matrix A(W) has eigenvalues A (W) and —A_(u)
satisfying
As(u) > 0.

(iii) There exist a diffeomorphism © : U — O(U) C R? and v € C([0, T1) such
that for any t € [0, T] and any w € U we have

®(t,u) =v(t)-0u) and |[Vy®(t,u)- e (u)| >0,

where e, (W) is a unit eigenvector associated with the eigenvalue A (1) of
A(u).
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Remark 2.22. 1n the case of a linear boundary condition as we considered for
Theorem 2.5, we have ®(t,u) = v(t) - u so that by taking ®(u) = u, the third
point of the assumption reduces to

lv(t) - er(u)| > 0.

Remark 2.23. 1f ®(t,u) = ®(u) is independent of t and if for some u?
we have |V, ®(t,u°) - e, (u°)| > 0, then by the inverse function theorem and
up to shrinking ‘U to a sufhiciently small neighborhood of u%, the existence of a
diffeomorphism O satisfying the properties of point (iii) is automatic.

Example 2.24. For the nonlinear shallow water equations

otu+A(u)oxu =0

with u = (C,q)" and A(u) as given by (2.2), whose linear version has been
considered in Example 2.2, the first two points of the assumption are equivalent
to

Jgh =L >0, (with h = ho + ).

The condition (iii) of the assumption depends of course on the boundary condi-
tion under consideration. Let us consider here two important examples:

e Boundary condition on the horizontal water flux, that is, q,_, = g. As
seen in Example 2.2 and Remark 2.22, this corresponds to ®(t,u) = v-u
with v = (0,1)T, and the condition (iii) of the assumption is satisfied.

e Boundary condition on the outgoing Riemann invariant, that is,

2(Jgh = \lgho) + £ = g.

We then have ®(t,u) = ®(u) = 2(\/g»h —/ghy) + q/h, and we can take
the diffeomorphism defined on U = {(h,q) € R? : h > 0} by

O(h,q) = (2(@— gho) + 3, 2(\/gh — \lgho )——)T,

where 2(\/g7h — +/gho) — a/h is the incoming Riemann invariant. Then,
d(u) = v-0w) with v = (1,0)T; moreover, we compute Vo =
(1/h) (A=, 1T so that all the conditions of the third point of the assump-
tion are satisfied.
The main result is the following.
Theorem 2.25. Let m = 2 be an integer, B € L (Qr), 0B € W (T, and
assume that Assumption 2.21 is satisfied with ©® € C®(U) and v € W™>(0,T).
Ifui™ € H™(R.) takes its values in a compact and convex set Ko C ‘U, and if the
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data u®, f € H™(Qr), and g € H™(0,T) satisfy the compatibility conditions up
to order m — 1 in the sense of Definition 2.27 below, then there exist T1 € (0,T]
and a unique solution w € W™ (Ty) to the initial boundary value problem (2.10).
Moreover, the trace of w at the boundary x = 0 belongs to H™ (0, Ty ), and 1w |,_,|m,1,
is finite.

Remark 2.26. A generalization of this result for N X N hyperbolic systems is
provided by Theorem C.9 in Appendix C. There is a wide literature devoted to the
analysis of quasilinear hyperbolic initial boundary value problems. For the general
multi-dimensional case, assuming that the uniform Kreiss-Lopatinskii condition
holds, the existence is obtained for m > (d + 1)/2 + 1, with a loss of % derivative
with respect to the boundary and initial data [RMey, Mok87] (see also [BGS07]).
Existence for m > d /2 + 1 without loss of derivative is obtained under the addi-
tional assumption that the system is Friedrichs symmetrizable [Sch86,Mét12], but
one cannot expect, when the boundary conditions are not maximal dissipative, an
H™(0, T;) estimate for the trace of the solution at the boundary. In the particular
one-dimensional case, a C! solution is constructed in [LY85] by using the method
of characteristics; more recently, in the Sobolev setting, it is shown in [PT13] that
the general procedure of [RMey, Mok87] can be implemented in the particular
case of the shallow water equations with transparent boundary conditions, that is,
a boundary data on the outgoing Riemann invariant (see Example 2.24 above):
for data in H”/2, a solution is constructed in W3(T). As noted in Example 2.24,
our result covers this situation, and taking advantage of the specificities of the
one-dimensional case proves existence in W™ (T'), with m = 2 and without loss of
derivative, and provides an H™ (0, T;) trace estimate.

2.2.1. Compatibility conditions. From the interior equations, denoting
Uk = 8£‘u, we have
u; = —A(U) oxu — Bu + f.

More generally, by induction, we have ux = cx(u, B, f), where cx(u, B, f) is a
smooth function of u and of its space derivatives of order at most k, and of the
time and space derivatives of order lower than k — 1 of B and f. For a smooth
solution u to (2.10), ul® = uy,,_, is therefore given by

2.11) uld = ci*(u, B, f),

where C}(“(u,B,f) = cx(u,B, f)|,_,- The boundary condition ®(t,u|,_,) = g
also implies that
afé(t,u‘xzo) = Zﬂ‘g.

On the edge {t = 0, x = 0}, smooth enough solutions must therefore satisfy

{@(o,uinw) = Gz k=0,
wr™ - Vu®0,u, ) + 9@ (0,u",_) = (39),, k=1

’
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and more generally, for any k > 1,
(2.12) u - Vu®O,u ) + Fe(uo<jer-1) ) = (0910

where Fi (ul ;. k) isa smooth function of its arguments that can be computed
explicitly by induction.

Definition 2.27. Let m =1 be an integer. We say that the data ure H"™(R,),
f € H™(Qr), and g € H™(0, T) for the initial boundary value problem (2.10)
satisfy the compatibility condition at order k if the {ui}‘};’io defined in (2.11)
satisfy (2.12). We also say that the data satisfy the compatibility conditions up
to order m — 1 if they satisfy the compatibility conditions at order k for k =
0,1,....m—1.

2.2.2. Proof of Theorem 2.25. Without loss of generality, we can assume
0(0) = 0. The first step is to linearize the boundary condition. Under Assump-
tion 2.21, this is possible by introducing

v=0(u), Jw)=dy(® '(v)), and A*(v) = J(v) TA@ ' (v))J(v).
Then, u is a classical solution to (2.10) if and only if v is a classical solution of

OtV + A¥ (V) 0xv + J()TIB(E, x)07 1 (v)

=J) 1 f(t,x) in Qr,
2.13) V)L, = 0(u"(x)) on Ry,
v(t) - v, =g(t) on (0,T),

with v(t) as in Assumption 2.21. Let XK; be a compact and convex set in R2
satisfying Ko € K1 € ‘U. Then, there exists a constant ¢y > 0 such that for any
u € Ky and any t € [0, T], we have

As(u) zcg, [Vu®@(t,u)-es(u)l = co.

Note there exists a constant 5 > 0 such that |[v — @(ul?) ||~ < &y implies that
u = 071 (v) takes its values in K;. We therefore construct a solution v to (2.13)
satisfying [[v () — ©(u")[|;» < ¢ for 0 < t < Ty. The solution is classically
constructed by using the iterative scheme

Orv™tl 4 AR (U™) 0™ = 1 in Qr,
(2.14) v = 0(uih(x)) on R,
v(t) - v =g(t) on (0,T),

for all n € N and with

it x) = J™m Lt x) - Jw™ Bt x)0 (v™).
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For the first iterate u°, we choose a function u® € H"™*1/2(R x R ) such that
Ofu®),_, =ug fork=0,1
tu lt=0 uk or , L...,m

with ul? as defined in (2.11). Such a choice ensures along a classical procedure
[Mét01, Mét12] that the data (®(ui"), f", g) are compatible for the linear ini-
tial boundary value problem (2.14) in the sense of Definition 2.8. Moreover,
[lv™(0) ||| is independent of 1, and there is therefore Ky such that

1
o V"™ (0)|||m, ||Aﬁ(U")||L°°(QT1), ||Aﬁ(U")_1||L°°(QT1) < Ko,

as long as v" satisfies [|[v" (t) — OuUM)||» < 8pfor0 <t <T;. We prove now
that for M large enough and T} small enough, for any n € N we have

(2 15) {”U”me(n) + |vn|x=0|m,T1 <M,

lvn(t) —Ouin) |- <8y for0<t <T.

The main tool to prove this assertion is to apply Theorem 2.5 to (2.14). In order
to do so, we first need to check that Assumption 2.1 is satisfied. The only non-
trivial point to check is the third condition of this assumption. The fact that this
is a consequence of Assumption 2.21 for the original system (2.10) is proved in
the following lemma.

Lemma 2.28. For any v € O(U), the matrix A*(V) has two eigenvalues
+ AL (V) and associated eigenvectors €%(v) given by

AL(w) = AL (@' (1)) and ei(v) = J(v) e (O ' (1)).
Moreover, denoting u = ©~1(v) we have
v(t) - ef(v) = Vyud(t,u) - e (u).

Proof. The first part of the lemma is straightforward. For the second point,
notice that by definition of ©, one has V,,®(t,u) = (®" (u)Tv(t). Since more-
over ® (1) = (dy (O 1(v)))™ ! = J(v)~!, we have

Vu®(t,u) - e (u) = v(t) - J(v) e (071 (v)),

and the result follows from the first point. O

We can therefore use Theorem 2.5 to prove (2.15) by induction. Since it is
satisfied for n = 0 for a suitable M and T;, we just need to prove that it holds at
rank n + 1 if it holds at rank . There is K = K(M) such that

IA* (V™) lwr=(y,)s 10(A* (™) llwm-1(7,) < K.
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Taking a greater K if necessary, we can assume also that
I BllL~@r), 10Bllwm-1(1) < K,
and therefore that

1) lm = CE) L+ [||LF E)[[m)-
It follows therefore from Theorem 2.5 that

||vn+l ||Wm(T1) + |vn+1|x:0 |m,T1

< C(Kg)eC T (1 +1glamo,n)
Ty
F b+ CR) [ IOl at).

We also have
o™ () = @™ 1= < 110:v™ L~ () Tt < ClV™ iy Th

Therefore, by choosing M large enough and T; small enough, the claim is proved.
The convergence is classically obtained by proving that {v"}, is a Cauchy se-
quence and, therefore, convergent in L2, and that the limit is actually in W™ (T).
We omit the details.

2.3. Variable coefficients 2 X 2 initial boundary value problems on moving
domains. We now turn to consider initial boundary value problems that are still
cast on a half-line, but instead of R, we now consider (x(t), + ), where the left
boundary x(t) is a time-dependent function. First, we consider linear problems
with variable coefficients. For the sake of simplicity and to prepare the ground
for applications to quasilinear systems, we consider a slightly less general system
of equations than in (2.1): the variable coefficient matrix A(t, x) is of the form
A(U(t,x)). More precisely,

o0tU+AWU) 0, U +BU =F in (x(t), ), fort € (0,T),
(216) U|t=0 = uin (X) on (01 OO),
v(t) Ul = 9(t) on (0, T),

where without loss of generality we assumed x (0) = 0. The first thing to do is of
course to transform this initial boundary value problem on a moving domain into
another one cast on a fixed domain, say R.. This is done through a diffeomor-
phism @(t, -) that maps at all times R4 onto (x(t), ) and such that, for any t,
we have @ (t,0) = x(t). Several choices are possible for @ and shall be discussed
later. At this point, we just assume that ¢ € C!'(Qr) and that @ (0,x) = x.
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Composing the interior equation in (2.16) with the diffeomorphism @ to work
on the fixed domain (0, ®), introducing the notation

u=Uo@, u=Uo, ofu=(0U)op, oxu = (3xU) o,
so that, in particular,

1
ox@

2
oy, oF =0, - a,i(; oy,

(2.17) 0¥ =
and writing B =B o @ and f = F o @, we obtain the following equation for u:
(2.18) 0 u+ Aw) ¥ u + B(t,x)u = f(t,x).

The initial boundary value problem on a moving domain (2.16) can therefore be
recast as an initial boundary value problem on a fixed domain

oru + A(u, 0p) oxu + B(t,x)u = f(t,x) inQr,

(2.19) U, = u(x) on Ry,
v(t) -u,_, =g(t) on (0,T),
with )
A, 0p) = (A(w) — (0rp)1d).

Ox @

If we want to apply Theorem 2.5 to construct solutions to (2.19), it is neces-
sary to get some information on the regularity of @, which is of course related to
the properties of the boundary coordinate x(t). A direct application of Theorem
2.5 requires that 0@ be in W™ (T) in order to get solutions u in W™ (T). Using
Alinhac’s good unknown [Ali89], it is however possible to obtain refined regular-
ity estimates, as shown in the following theorem which requires only the following
assumption.

Assumption 2.29. We have u € WH*(Qr), x € C'([0,T1]), x(0) = 0, and
the diffeomorphism @ is in C1(Qr). Moreover, there exists a constant ¢y > 0 such
that the following three conditions hold:

(i) There exists an open set U C R? such that A € C®(U) and that for any
u € ‘U, the matrix A(W) has eigenvalues Ay (W) and —A_(u). Moreover, u
takes its values in a compact set Ko C ‘U, and for any (t,x) € Qr we have

As(u(t,x)) Forp(t,x) =cop and Ax(u(t,x)) = co.

(ii) Denoting by e, (W) a unit eigenvector associated with the eigenvalue A (1)
of A(u), for any t € [0, T] we have |v(t) - e. (u(t,0))] = co.



380 TATSUO IGUCHI ¢ DAVID LANNES

(iii) The Jacobian of the diffeomorphism is uniformly bounded from below and
[from above, that is, for any (t,x) € Qr we have cy < 0x@ (t,x) < 1/co.
Example 2.30. Considering as in Example 2.2 the linearized shallow water
equations, but this time on a moving domain, Assumption 2.29 reduces to the
conditions

h,q e W (Qr), h(t,x) = c,

(t,x) (t,x)
yeh(t,x) + (i(t’x) - 6tcp(t,x)) > Co, gh(t,x) = i(t,x) > Co

with some positive constant ¢y independent of (t,x) € Qr.

Theorem 2.31. Ler m = 1 be an integer, T > 0, and assume Assumption 2.29
is satisfied for some co > 0. Assume also there are two constants 0 < Ko < K such that

and

1 -
o’ 10@ 0) |[lim—1, VL= 0,1y, 10PN L=(p)s 1AllL= () < Ko,

0@ lwm-1(1y, 10t @l Q)5 (0™ @) o lL=0,1) < K,
lullwre rynwn ), IBllwie @y, 10Bllwm-1(1) < K,

[VIwteawm-1o0,1), 10 VIL20,1) <K,

where @ (t,x) = @(t,x) — x. Then, for any data u™ € H™(R.), f € H™(Qr),
and g € H™(0,T) satisfying the compatibility conditions up to order m — 1 in
the sense of Definition 2.8, there exists a unique solution u € W™ (T) to (2.19).
Moreover, the following estimate holds for any t € [0, T] and any y = C(K):
t 12
1306 Ty + (3, W) By 00) Tt
< CK) (1 + 17 V112000) 11200) [l +19 11y 00
1 fecobm-tyt + S5 ULE Ol ) -
In particular, we have
[ 1 () [l +1%pg Iyt
< CR) R (14 10"V I12000) 1 840) [l +lglim 00
t
U lmore + | @) [l dt).
2.3.1. Proof of Theorem 2.31. A direct estimate in W™ (T') for the solu-

tion of (2.19) through Theorem 2.5 is not possible because it would require that
0’ € WM I(T) while, under the assumptions made in the statement of the
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theorem, we only have 0°¢p € W™~2(T). The key step is to derive a W™~ 1(T)
estimate on U as well as on a;’”u =oiu — (0rp) ox u.

Proposition 2.32. Under the assumptions of Theorem 2.31, there is a unique
solution uw € W=1(T) to (2.19) satisfying

@20)  J13(t) o+l o
t
< RS w0 o +lglmoo + [ 1) llo at')

in the case m = 1 and
(2.21) 1 (®) lm-1 + 10U lm—1,t

< C(Ko)eC(K)t( 11400) [llmer +1g 1 0.6) + |Flyog lmone
t
[ Mo 2 )

in the case m > 2. Moreover, 3 u € W~ (T), and we have

t 1/2
@2 PO flmry +(y | NOPUE) By at')
+ 107 ) |y lm-1,y.t
< C(Ko) (1 + 197"V I120,0) Il w(0) [llm +19 1 0.0
1 fivcolm-tyt + Sy (LF O lllm) )
+ C(K) (Sy e (e flln) + 1y lm—1,y.¢)-

Proof. Step 1. We first show there exists a solution u € W™ I(T) to (2.19)
satisfying (2.20)—(2.21). A direct application of Theorem 2.5 almost yields the
result, but with a constant C(K") bigger than C(K) in the sense that it depends on
10@llwi=(q,) instead of 10@|l1~(q;). The improved estimate that is claimed in

(2.20)—(2.21) is made possible by the particular structure of the matrix A(u, 0@),
as shown in the following lemma which improves Lemma 2.19.

Lemma 2.33. Suppose that Assumption 2.29 is satisfied. Then, there are a sym-
metrizer S € Wh*(Qr) and constants o, &1 and Po, B1, B2 such that Assump-
tion 2.9 is satisfied for the initial boundary value problem (2.19). Moreover, we have

1 .
< C (C—O, A |1, ), ||<at<p)|t=0||Lm<R+)) ,

1
¢ =<C (C—O, AW 2= (p» ||at<p||Lm<QT>) ,
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where U™ = u, 1o And <o and ¢, are as defined in Proposition 2.11, and

B2
Bo

Proof of Lemma 2.33. The proof is an adaptation of the proof of Lemma 2.19.
We still denote by 77+ the eigenprojector associated with the eigenvalues +A. of
A(u). As a symmetrizer for A(u, @), we choose

1
<C (a, AW i @, 1@l 0, ||B||LM<QT)) .

S = (0x@)(mimy + M )
with sufficiently large M. Since we have

B2 =110tS + 0x(SA) — 28Bll1~(y)
= [[(0x @) 0tS + 0x (SA) — (0t @) 0xS — 2(0x®)SBll 1~ (),

where we denoted § = mlm, + M, and since - depends only on A(u),
we deduce the desired results. O

Using Lemma 2.33 instead of Lemma 2.19 in the proof of Theorem 2.5 in the
particular case of the initial boundary value problem (2.19), we get (2.20)—(2.21).

Step 2. We prove here an extra regularity on 8 u that implies the inequality
stated in the theorem. The main tool to get this extra regularity is Alinhac’s good
unknown [Ali89], which removes the loss of derivative due to the dependence on
@ in the coeflicients of the initial boundary value problem (2.19). Differentiating
with respect to time the interior equation in (2.19), and writing 1 = d;u, f =
ot.f, and so on, we get

(2.23) ,

Ot + A(u, 0@) dxtt + A’ (W) [2] 0¥ u + M(u, 0, dxu) 0 + Bt = f — Bu

with
M(u, 0@, 0xu) 0 = —((0xP) A (W, 0@) + (3 ) Id) 0% u.

Obviously, the term M(u, 0, 0xu) 0@ is responsible for the loss of one deriva-
tive, in the sense that a control of @ in W™*1(T) is required to control the W™ (T)
norm of u. This singular dependence is removed by working with Alinhac’s good
unknown u?® = 1 — @ 0x u instead of 1. The notation f ® and B® is defined
similarly. The following lemma is due to Alinhac [Ali89] and can be checked by
simple computations.

Lemma 2.34. With u® = 1t — ¢ 0¥ u, the equation (2.23) can be rewritten
under the form

0iu® + A, 0) 0xu® + A’ (w)[u®19¥u + Bu® = f? — Bu.
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We can use (2.18) to write
oxu =A@ '(f - Bu—-u?),
so that the lemma yields
oru? + A(u, 0@) oxu? + Bhyu? = fu,

where

(2.24)
{Bm =B- A (w[u®lAw)!,
foy=fP - A@uPIA@)f - (B — A (w)[u®]Aw) 'B)u.

Therefore, 11? = 3} u solves an interior equation similar to those considered in
Theorem 2.5. Let us now consider the initial and boundary conditions for u?.
For the initial condition, we have

(U®)),, = uf, with uf) = @u)),_, — (@), oxu™

For the boundary condition, let us differentiate with respect to time the boundary
condition in (2.19) to obtain v(t) - 0;u|,_, = 0tg — v'(t) - u|,_,, or equivalently

v(t) - (P +x0¥u) |, =0g — V' (t) U,
By using (2.18), this yields
v(t)-(Id—xA@) Hu®),, =0tg—v' () u,_,—xv(t)-Aw) ' (f—Bu)|_,.

It follows that 1% satisfies an initial boundary value problem of the form (2.1),
namely,

atu(p +ﬂ(ﬂ,a(p) axﬂw +B<1)u‘P =f(1) in Qr,
(2.25) uf =uf, on R,
vay(t) -l =g on (0,T),

where f(1) and B(j) are as in (2.24) and
ga) =0tg — (V) -uj,_, —xv - A '(f - Bu),_,,
(2.26) {V(l) — (d-xA(w_))Tv.

Concerning the boundary condition, we have the following lemma which shows
that the initial boundary value problem (2.25) satisfies condition (iii) in Assump-
tion 2.1.
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Lemma 2.35. Under Assumption 2.29, for any t € [0, T] we have

G
Vi () - e (u(t, 0D = 3=

Proof. We see that

vy (t) - ey (w(t,0)) = v(t) - (Id —x(t) A(u(t,0) ey (u(t,0))

(o X _
- (1 - 7\+(u(t,0))> v(t) - e (u(t,0)).
Since x (t) = (0; @) (t,0), this gives the desired inequality. O

Here, we see that |v(1) |10, < C(Ko) and [|Ba)llz~@;) < C(K), and that
in the case m > 2,

0By llwm-2¢T), |V) lwm-1=0,1) < C(K).

Therefore, we can apply the result in Step 1 on page 381 to obtain

t 1/2
@27 WO ey (v [ 7 Wy a6) "+ 1 e
< CK) (111420 [lm-1 +1g0) L1 0.9
1o lm-2 + S5 (L F 0 O lm-1)),

where the term | f(1)|,_, lm-2,y,¢ is dropped in the case m = 1. Here, we have

[1u? (O)[[m-1 =< C(Ko) [l w(0)||m,
1) O [lm-1 = CE)ILF @) l[m + ([ w (@) [[lm-1),
|f(1)|x:0 |m—2,y,t = C(K)(|f\X:0 |m—1,y,t + |u|x:0 |m—1,y,t)-
Concerning the term |g()|lgm-1(0,), especially the term (9;v) - u|,_,, we need

to estimate it carefully, because we do not assume v € W™>(0,T). In the case
m = 1, we estimate it directly as

10ev) - Ul o1z 0,0 = CE U 120,0)-
In the case m = 2, we see that

10eV) - UpeolEgp10,0) < [VIWm—12(0,6) U 5o lm-1,y.t

+ 10" VI20,0) sup e YU lu(t’,0)]
t’e[0,t]

< CK)ui_ylm-1,y,t + ClO[*VIrz0,0) Il w(0) || m-1,
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where we used SUPyr 10,01 e Y lu(t’,0)| < C(lu(0) g +y~"2|u|,_, l1,y.t), which
is a simple consequence of (2.6) in Lemma 2.5. In any case, we have

9 L1000 = 19lmr 0, + CIO VIizo.0 [l w(0)|[lm-1
+ C(K)(|u\xzo|m71,t + |f|x=o|m—l,t)-

Therefore, by (2.27) we obtain

1620 -1+ (v jo I ) -1,y dt’)”z 107 It
< C(Ko) (1 + 10" VIr20,)) Il w(0) [[|m +1glEm0,6))
+ COK) (1 F im0 b1t + 1yl
+ S5 UL Ol + S5 (e -1,

which shows 0/ u € Wm-1(T).

Step 3. Finally, we improve the above inequality to show (2.22). It follows directly
from Lemma 2.34 that we have also the equation for ® of the form

~

oru? + A(u, o) oxu® = fu
with
foy =7 f - A @wofulafu - 37 (Bu).

Moreover, we have (2.27) with f(1) replaced by fy. In order to give modified
estimates for f(1) and g(1), in the case of m > 2 we use the following expressions:

0% fuy = 0F 3% f +[0%,07 107 u + A(w) 0F u + Bu)
— %A (w)[0ul 0¥ u + 97 (Bu)),
okga) = 0K(3g — (3rv) - uy,,) —xv - Aw) "' 3F(f — Bu)|,,

—[of, xv - Aw) 1@  u + A(w) a¥u)), .,
where we used (2.18). These expressions together with Lemma 2.12 give

Il Foy @) fllm=1 = C(Ko) [I| £E) [l +CK) [[| w(t) [},

19 lap-10,6) + [f() o lm-2,t
< C(Ko) (105" vIr20,0) Il u(0) -1 +1glEmo,t) + | flxso lm—1,t)
+ C(K) U |y_g lm—-1,ts

which yields (2.22). The proof of Proposition 2.32 is complete. O
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In order to conclude the proof of Theorem 2.31, we need to show that Propo-
sition 2.32 provides a control of u in W™(T).

Lemma 2.36. Under the assumptions of Theorem 2.31, if u solves (2.19), then
we have

t 1/2
1121t -y + (v | 10D sy )+ 1@ b
< COE) | I1800) [l +1f sl vt + S5 RS Ol 1)
t 1/2
# 10RO sy +(y | 0P oy at')
+10P b1}

w0 ([ 1y at') "+ )

Proof We will use the same notation 1P = 98y u in the proof of Proposi-
tion 2.32. Then, (2.18) can be written as

(2.28) u? + A(u)oYu = f — Bu =: fy.
We first consider the case m = 1. Here, it holds that

Il fo(0)lI12 < C(Ko) [ w(0)|[|1,
10t fo(t) Iz < 10r f () Iz + C(K) [ w(®)|[1,
Lfore 11300 = 1o 300 + CEI U 1130,

It follows from (2.28) that oxu = (Ox @) A1)~ (fo — 1?®). We also have

orQ
ox@

oru =u?® — OxU.

Therefore, we obtain

lou(t,x)| <= C(Ko) (1u?(t,x)| + | fo(t,x)).

By Lemma 2.5 we have

t 1/2
I £o(0) oy +( J, ot 113, ')

< CULfo(0) M1z + S5, (10e fo () 112))
< C(Ko) ([[lu(0) [l +S5,: (10 f () l1r2)) + CEK)Sy  (lu()]lh)-
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Using the above inequalities, we get the desired estimate in the case m = 1.
We proceed to consider the case m > 2. Applying 0% with a multi-index «
satisfying || < m — 1 to (2.28), and using the identity

(2.29) O 0%u = 0%0F¥u + (0¥ 0%Q) 0¥ u + (Ox @) 1 [0%; 0x @, Ox U]

with the symmetric commutator [0% v, w] = 0% (vw) — (0%V)w — v (0%W), we
obtain
A(w) 0¥ 0%u + 0%u® = 3% (f — Bu) — [0%, A(uw)] 0¥ u
+ A(w) (0¥ 0%p) 0¥ u + (Ox @) ' [0% 0x @, Ox ul)
:5f1,(x-

Here, by Lemma 2.12 it holds that

Ilf1,6(0) 12 < C(Ko) ||| (0|,
10e f1,0(E) I12 < C(Ko) ||| Ot.f (E)]|[m-1

+ C(K) (1 + [[0e@ () [[lm) Il w () [[[m,
Lo 20,0 = oo lm=1,,6 + CAK U o lm—1,y,t-

We also have
0% 0xu = (ax(p)A(ﬂ)_l(fl,o( - o%u?),

which will be used to evaluate 0xu. Applying 0% to the identity oju = u?® +
(0:@) 0¥ u, and using (2.29), we obtain

0% 09U — 0%U® — (0; ) (0 @) " 10%0xu

= (0“0 @) 0¥ u + [0% 0, @, 0% u]

— (@) (0xP) ' (3% 0x ) O U + [0%; 0x @, DX U)
=: f2,cx-

Here, by Lemma 2.12 it holds that

Il f2,0(0)[I12 < C(Ko) |[| w(0)[[m,
10t f2,a () ll22 < C(K) (1 + [[[0:@ (E)|[lsn) [I| w(E) [,
|f2,0(|x:0|L§,(O,t) < CEK) Uy lm—1,y,t-

We also have

0% 0ru = 0%U? + (0r ) (0xP) 1 0% s + fr.c0r
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which will be used to evaluate 9;u. Therefore, we obtain

0% ou(t,x)| < C(Ko)(10%u® (t, )| + | f1,a(t, )| + [f2,a(t, %) D),

so that
t 1/2
112800) v+ (3 [ 10U sy dt7) 4 1@y
t 1/2
< CHRO NP sy +(y [ 10PE) By at')

sl et Y (el

lal<m—1,j=1,2
t 5 1/2
(v ] MV IRy at) "+ Ufraializion ) |

Here, by Lemma 2.5 we see that

t 1/2
I Fi Mo + (¥ [ Ifrate) 1y ')

< CUIfj,a(O)llzz + S5 (0 £, ()12))
< C(Ko) ([I1e(0) [llm +Sy. 0ef () llm-1))
+ CK)Sy (L +1[0c@ () [[lm) I w () flm)

and that
Sy L+ [10e@ ) [[lm) I ) [llm)

1 t / 7 172 t —vt’ / 7 /
< (5 ] e Wy v} | e o) e o

1 t 1/2 t , , 1/2
< (5 ], e 1y at') 1@ lman (], ey 1,y at')

Summarizing the above inequalities, we obtain the desired estimate. O

Now, it follows from the estimates in Proposition 2.32 and Lemma 2.36 to-
gether with Lemma 2.16 that

t 1/2
120l + (3 | I By d67) 4 T o
t 1/2
< 100U llovy + (v [, 10U [Bcry dE) 4 1@UD v

t 1/2
0 Tty + (3 [ ) Wy d) 2l
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< C(Ko) (1 + 107 VI120,0) I (0) llm +19 113 0.0
+ e lm-tit + S50 O llm-1))

¢ 1/2
sy 2 (v | e 13y ar)
+ y71/2 Il 1 (0) [||m +y71|u|x=o|m1%t}'

Therefore, by taking y sufficiently large compared to C(K), we obtain the desired
estimate in Theorem 2.31. The proof of Theorem 2.31 is complete.

2.4. Application to free boundary problems with a boundary equation of
“kinematic” type. We investigate here a general class of free boundary problems.
We consider a quasilinear hyperbolic system cast on a moving domain (x(t), o),

0tU+AWU)0,U =0 1in (x(t), ), fort € (0,T),
(230) U‘IZO = uin (X) on (&(0), OO),
v-U,,, =49t on (0,T),

and assume that the evolution of the boundary is governed by a nonlinear equation
of the form

(2.31) X = X(U‘X=&(1))

for some smooth function X. The set of equations (2.30)—(2.31) is a free bound-
ary problem. In the following, without loss of generality, we assume x(0) = 0. By
using as in Section 2.3 a diffeomorphism @ (t, ) : Ry — (x(t), ), and recalling
the notation

w=Uop, o =30, a;”=at—aat‘j;ax,
X X

the free boundary problem (2.30)—(2.31) can therefore be recast as an initial
boundary value problem on a fixed domain,

ou+ A(u,0p)oxu =0 in Qr,
(2.32) U, = u(x) on R,
v-up, =gt on (0,T),

where v € R? is a constant vector, and where

1

A(u,0@) = e
X

(A(u) — (o) 1d),
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complemented by the evolution equation
(2.33) X =X(uy,), x(0)=0.

As shown in Section 2.3, the regularity of @ plays an important role in the analysis
of the initial boundary value problem (2.32). It is therefore important to make an
appropriate choice for the diffeomorphism. For a boundary equation of the form
(2.33) which is of “kinematic” type, a “Lagrangian” diffeomorphism is appropri-
ate. In particular, in the second point of the lemma, the structure of @ allows the
control of 0; @ in W™ (T) (which involves m + 1 derivatives of ) by u in W™ (T)
(which involves only m derivatives of u).

Lemma 2.37. Let U be an open set in RZ and X € C*(U). Suppose that
u € WH™(Qr) takes its values in a compact and convex set X, C ‘U, and that

lellwro@pys 1 X Twrex,) < K.

Then, x € C1([0,T1) can be defined by the ODE

x(t) =X(u_,(t)) forte(0,T),
x(0) =0.

Moreover, there exists Ty € (0, T depending on K such that the mapping @ : Qr — R
defined by

t
(2.34) @(t,x) =X+JO Xu(t',x))dt’

satisfies the following properties:
(i) We have @ (t,0) = x(t) and that, for any t € [0,T1], @(t,-) is a diffeo-
morphism mapping R ;. onto (x(t), ) and satisfying 3 < dx@(t,x) < 2.

(i) If moreover m = 2, uw € W™(T}), and X(0) = 0, then we have, with
@(t,x) = @(t,x) - x,

[ 0@ (O)[[[m-1, 0@l L>(ar,) < C([[[L(0)[|fsn),
@ llwm Ty, 10 @ llwm(Tyy, 10" @) 1o lLe 0,1y < CUIUNwm(Ty), U, lm,T))-

We can now state the main result of this section, which holds under the fol-
lowing assumption.

Assumption 2.38. Let U be an open set in R?, which represents a phase space of
u. The following conditions hold:

(i) A,X €C*(U), X(0) =0.
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(ii) For any w € ‘U, the mawrix A(w) has eigenvalues A (W) and —A_(u)
satisfying

As(u) >0 and As(u) FX(u) > 0.

(iii) Denoting by e+ (W) a unit eigenvector associated with the eigenvalue A (u)
of A(u), for any u € U we have

lv e (u)l > 0.

Theorem 2.39. Let m > 2 be an integer. Suppose that Assumption 2.38 is
satisfied. If u™ € H™(R.) takes its values in a compact and convex set Ko C U,
and if the data u™ and g € H™(0,T) satisfy the compatibility conditions up to
order m — 1 in the sense of Definition 2.40 below, then there exist T € (0,T] and a
unique solution (W, x) to (2.32)—(2.33) withu € W™ (Ty), x € H™*1(0,T1), and
@ given by Lemma 2.3

2.4.1. Compatibility conditions. For the free boundary problem, x(t) and
@ (t, x) are unknowns so that the interior equation ;u+ A (u,0@) oxu = 0 does
not determine (8¥u),,_, directly in terms of the initial data u™™ and its derivatives.
In order to determine them, we need to use (2.34), or equivalently, the evolution
equation 0; @ = X (u) at the same time.

Suppose that u is a smooth solution to (2.32)—(2.33). We note that the inte-
rior equation in (2.32) can be written as

o u+Au)oxu =0

and that 8" and ¥ commute. Therefore, denoting u k) = (3; )*u and using the
above equation inductively, we have

Uk = kU, 08U, ..., (3%)*u),

where ¢ x is a smooth function of its arguments. In view of this, we define uf,

by

(2.35) uy = e o u™, ..., o%u™)

fork =1,2,... . Using the relation 0; = oy + (0 ) oy inductively, we see that
oF = @)k + (Fp) oY

k ) ) ]
+ S i@ @) (3 @) (87 (8)Y,
£=2j0+j1+---+jg=k
1<j1,ee0dp
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so that denoting ux = 3fu and @y = 9@, we have

k

Q@
Uk = Ug) + PrROTU+ . > Cljonis @i+ P (BX) Uy
'€=2j0+j1+---+jg=k
1<j1,eudp

In particular, denoting u® = (3fu),_, and @i = (3¥@)),_,, we obtain
(2.36) up = u, + QPu™)

k
) in, . inaf,,in
DDl P PR Ocul,)
0=2jo+ji+:-+jp=k
1<j1,ndp

This implies that u}? is written in terms of @ and dxu™ for 0 < j < k. On
the other hand, differentiating the evolution equation 0;@ = X (u) k-times with
respect to t, we have

k
Qik+1 = ok (U, 0tU,...,0fU),
where ¢,k is a smooth function of its arguments. Therefore, we get
(2.37) P = cop(u™ul, L ul),

Using (2.36) and (2.37), we can alternatively determine u}(“ and (p}(“. Now, the
boundary condition v - u|,_, = g implies that

V- al‘(u\x:o = af-g
On the edge {t = 0,x = 0}, smooth enough solutions must therefore satisfy
(2.38) voup o= 0,

Definition 2.40. Let m =1 be an integer. We say that the data uite H™(R,)
and g € H™(0, T) for the initial boundary value problem (2.32)—(2.33) satisfy the
compatibility condition at order k if the {uij“};’i0 defined by (2.35)—(2.37) satisfy
(2.38). We also say that the data satisfy the compatibility conditions up to order
m—1 if they satisfy the compatibility conditions at order k fork = 0,1,...,m—1.

Remark 2.41. These compatibility conditions do not depend on the partic-
ular choice of the diffeomorphism @ such as (2.34). The other choice of the
diffeomorphism @ : Ry — (x(t), o) will give the same conditions.
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2.4.2. Proof of Theorem 2.39. Let K, be a compact and convex set in R?
satisfying Ko € K1 € ‘U. Then, there exists a constant ¢y > 0 such that for any
u € K, we have

As(u) =z cp, As(u)FX(U) zcy, |v-es(u)l=co.

We will construct the solution 1 with values in K;. Note that there exists a
constant g > 0 such that [|[u — u™|| = < &y implies u(x) € K for all x € R,.
Therefore, it is enough to construct the solution u satisfying |[u(t) — Ut || < &
for 0 <t < T. The solution is classically constructed using the iterative scheme

t
P (t,x) =x+ Jo Xu"(t',x))dt’

and

oru™l + A(u, oph) 0,u"t! =0 in Qr,
(2.39) utl = u(x) on Ry,
voutl = g(t) on (0,T),

for all n € N. For the first iterate u°, we choose a function
u’ e H™2(R x R,)

such that (8{‘140)“:0 = u}? for 0 < k < m with u‘kn defined by (2.35)-(2.37).
Then, for the initial boundary value problem (2.39) to the unknowns u"*!, the
data (u'", g) satisfy the compatibility conditions up to order m — 1 in the sense
of Definition 2.8. Moreover, [|u"(0)|||m is independent of n, and there exists
therefore Kq such that

1 c
P [[1™ (O lm, [10@ O [[[m-1, 0@ L= (@ry)s V], [ANlL= (%) < Ko,

as long as |[u"|lwi=;) < K and T1 € (0, T] sufficiently small depending on K.
We prove now that for M large enough and T; small enough, for any n € N we
have

lu™llwmry) + U™l <M,

[[u™(t) — ‘I/Lin”Loo <6y forO<t<T.

We prove this assertion by induction. Since it is satisfied for n = 0 for a suitable
M and T, we just need to prove that it holds at rank n + 1 if it holds at rank n.
By the Sobolev imbedding theorem and Lemma 2.37, we have

I llwre @)y 1@ wm (), 10:@™ lwm (), 1(0™@™) |y lL=0,17) < K(M).
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It follows therefore from Theorem 2.31 that
I () lwm(zy) + Ul < C(K)eCME(T + | glumo,ry))-

Choosing M = 2C(Ko) (1 + [g|um(0,1)), it is possible to choose T} small enough
to get that the righthand side is smaller than M. We also have

lu () — ue < Clu™ e (r)T1 < So

for 0 <t < T. Therefore, the claim is proved.

We proceed to show that the sequence {(u™, @™)}, of approximate solutions
converges to the solution (u, ) to (2.32)—(2.33) satistying u € W™ (T;) and
X =@|,_, € H™(0,T;). We have

at(un+2 _ un+l) + _A(un’ a(pn) ax(un+2 _ un+l) — fn in QT;
(un+2 — un+1)|t:0 =0 onR,,
v (ut2 -yt =0 on (0, T),

with
fn — _(A(unﬂ’a(pnﬂ) _ ﬂ(un,a(pn)) axunﬂ.

It follows therefore from (2.21) in Proposition 2.32 that
| (™2 =™ (@) [t +1 @2 = u™ ) et
t
< COD(1f"bmoza + | o E) oz dt)

t
< C(M) jo UIBef™ ) llmez +1Bef™ s Iz ) At

for 0 < t < Ti, where we used Lemma 2.16 and the fact that (afu")hzo = u}f
does not depend on n. Here, we see that
10 f ™ lwm-2(Ty)
< C(M)Il(u"“ _ un’(pnﬂ _ (pn, at((pn-ﬂ _ (pn))me*l(Tl)
< C(M) U™ — u™|lwm-1(1,)
and that
[0t f™) | oco lm—2,1; <
< C(M)(Il(u”“ _ un’(pnﬂ - ", at((pnﬂ . (pn))me*l(Tl)
1 - U, @ = @ 3 (@™ = @™y lmo1Ty )

< CM)(Ju™! = u™lym-1 (1) + W™ = u™)| o lm-1,1),
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where we used Lemma 2.15. Note that in the above inequalities, the quantity
0 (™! — @™) has been controlled in W™~1(T}); controling dx (™! — @™)
in a similar way is not possible, and this is the reason why it is important to
have |||0¢f (¢)|||m-2 rather than ||| f(£)|[|m-1 in the righthand side of (2.21) in
Proposition 2.32. Therefore, by taking T} sufficiently small if necessary, we obtain

"2 =™ iy ) + 12 = u™ D)l

< (U™ = u"lym-r () + 1@ = u™) 1)

N —

This together with an interpolation inequality
2
ullrs @) < Cllwllwm-rery) lulwn )

shows that {(u", ")}, converges to (u, @) in W"1(T;) n WL*(Qr, ), so that
(u, @) is a solution to (2.32)—(2.33). Moreover, by standard compactness argu-
ments we see that

lullwmer) + U)o lm1 <M.

The regularity and the uniqueness of the solution stated in the theorem are ob-
tained by standard arguments, so we omit them. The proof of Theorem 2.39 is
complete.

2.5. Application to free boundary problems with a fully nonlinear bound-
ary equation. We now consider a 2x2 quasilinear hyperbolic system on a moving
domain (x(t), o):

(2.40) 0tU + A(U)0xU =0 in (x(t), ),

with a fully nonlinear boundary condition

(2.41) U=U onx=x(t),

where U; = Ui(t, x) is a given R2-valued function, whereas x (t) is an unknown
function. Compared to the free boundary problem (2.30)—(2.31), the evolution
equation of the boundary is implicitly contained in the above boundary condition.
In fact, differentiating the boundary condition

U(t,x(t)) = Ui(t,x(t))

with respect to t and taking the Euclidean inner product of the resulting equation
with 0, U — 0, Ui, we obtain

(2.42) X = X((OU) |yys (OU |y )



396 TATSUO IGUCHI ¢ DAVID LANNES

where
(0xU — 0xUj;) - (0:U — 0:Uy)

|axU - ain|2

In view of this, a discontinuity of the spatial derivative 05U on the free boundary
is crucial to the free boundary problem (2.40)—(2.41) whereas U itself is contin-
uous. Compared to the boundary equation (2.31) of kinematic type, (2.42) does
not depend on U itself but on its derivative 0U. Therefore, (2.40)—(2.42) is more
difficult than (2.30)—(2.31) in the previous subsection. We will use again a dif-
feomorphism @(t, ) : Ry — (x(t),), and set u = U o @ and u; = Uj o @.
Then, the free boundary problem (2.40)—(2.41) is recast as a problem on the fixed
domain:

(2.43) {8§pu +Aw)o¥u=0 inQr,

Uy = Uilysg on (0,T).

We impose the initial conditions of the form

(2.44) {ult—o =u"(x) onRy,

x(0) = 0.
We also note that the equation (2.42) for the free boundary is then reduced to
(2.45) X = x((0%u),y, (07U,

Assumption 2.42. Let U be an open set in R?, which represents a phase space of
u. We have the following:

1) AecC>(U).

(ii) There exists co > O such that for anyw € ‘U, the matrix A(w) has eigenvalues

As(u) and —A_(u) satisfying A+ (u) = co.

As before, this condition ensures that the system is strictly hyperbolic. We
denote by e. (1) normalized eigenvectors associated with the eigenvalues £A. (1)
of A(u). They are uniquely determined up to a sign. Since both eigenvalues are
simple, we have A.,e. € C®(‘U) under an appropriate choice of the sign of e..
As mentioned above, a discontinuity of 0, U at the free boundary is crucial so that
we will work in a class of solutions satisfying

(2.46) [(0F u — 0¥ ui)|,_,| = o
for some positive constant ¢g. The interior equation in (2.43) can be written as
oru + A(u,0Qp) oxu =0,

where A(u,0@) = (0x®) '(A(u) — (3;@) Id). The eigenvalues of this matrix
are (0x®) " 1(£A+(u) — 0;®), whereas the corresponding eigenvectors are e (1)
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which do not depend on 0. In view of (i) in Assumption 2.1, we also restrict a
class of solution by

(2.47) Ar(U) Forp=cyp in(0,T)xXR,.

We note that the boundary equation (2.45) is not of the kinematic type con-
sidered in Section 2.4 so that we need to use a diffeomorphism different from
the one given by Lemma 2.37. Let ¢ € Cy’(R) be a cut-off function such that
Y (x) =1for|x| = 1and = 0 for [x| = 2. We define the diffeomorphism by

(2.48) Qt,x)=x+y (f)z(t),

where € > 0 is a small parameter which will be determined later. As we will see
below, under this choice of the diffeomorphism, (2.47) would be satisfied if the
solution satisfies

Ar(up,_,) ¥Fx=22¢c on(0,T).

The following lemma shows that this choice of diffeomorphism behaves differently
than the Lagrangian diffeomorphism studied in Lemma 2.37; in particular, the
latter has a better time regularity, while the former has a better space regularity.

Lemma 2.43. Suppose x € C'([0,T]) satisfies x(0) = 0 and |x|1200,1) < K.
Then, there exists Ty € (0, T] depending on € and K such that the mapping @ :
Oor-R defined by (2.48) satisfies the following properties:

(i) We have @(t,0) = x(t) and @(0,x) = x, and for all 0 < t < Ty,

Q(t,-) is a diffeomorphism mapping R onto (x(t), ) and satisfying 3 <
ox@(t,x) < 2.

(ii) For any nonnegative integers k and ¥, we have

18f k@ () I nr=r,) < C(&, k)13 x(1)],

where @(t,x) = @(t,x) — x. In particular, if moreover m = 2 and
x € H™(0, T), then we have

m-1
0@ (0) [[lm-2, 10@IIL>(0r) < C(E)< D 1@ ) + \/ﬁ|&|H2(o,n)>,
=0

I @llwm-1(1y), 10 @ lwm-1(1y), 1™ @) o lL>(0,17)
< C(&)|x|wm-1=nHm(0,T))-

Theorem 2.44. Let m = 2 be an integer. Suppose Assumption 2.42 is satisfied.
Assume u™ € H™(R.) takes its values in a compact and convex set Ko C ‘U, and
that the data u'™ and U, € W™ ((0,T) X (=8, 08)) satisfy the following:



398 TATSUO IGUCHI ¢ DAVID LANNES

(i) As(u ) FxP>0,
(i) (Oxu™) |, — OxUi) |,y # 0,
(i) ((Oxu™)|\y = (OxUi)|ipo)* - €x (Ui ) # 0,
where X' = (0;x)),_, will be determined by (2.50) below, and the compatibility
conditions up to order m — 1 in the sense of Definition 2.46 below. Then, there
exist Ty € (0,T] and a unique solution (u,x) to (2.43)—(2.44) with u,0xu €
WnI(Ty), x € H™(0, Ty), and @ given by Lemma 2.43.
Remark 2.45. Thanks to Proposition 2.49 below, the condition (iii) in the
theorem can be replaced by
Git) o - ex (i) #0,
where py is the unit vector satisfying o - (0;U; + A(U;) 0xU;)|,_,_, = 0. This unit
vector Ho is uniquely determined up to the sign under the other assumptions of
the theorem.

2.5.1. Compatibility conditions. Suppose u is a smooth solution to (2.43)—
(2.44). We note that 9;” and 0¥ commute. Denoting u ) = (8 )*u and using
the interior equation in (2.43) inductively, we have

U = Lk, o8 u, ..., (3%)*u),

where ¢y k is a smooth function of its arguments. In view of this, we define u{},

by
(2.49) ul) = cpe(ul™, ou™, ..., okuin)

fork = 1,2,... . We proceed to express (9fx)|,_, in terms of the initial data.
Differentiating the boundary condition in (2.43) with respect to t, we have dfu =
afui on x = 0. Using the relation 0; = oy + (0, ) oy inductively, we see that

of = () + (3f ) oF
k , ‘ '
ST i, @ @) - (@] @) (90 (D),
0=2 jo+ji+---+jp=k
1Sj1 ..... jg

so that denoting x = d¥x, we have

U — O *u; + x, (0% u — 0¥ wy)

k
+ > CljormieX (i)~ X5, @) (wjy) = @F)0us) = 0
(=2 jo+ji++jo=k
1<j1,eenp

onx = 0.
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Decomposing this relation into the direction 0% u — 0% u; and its perpendicular
direction, we obtain

OXu — 0% Uj
Xp=-—p I !L - @) w
[Ox U — Ox Uil
PN ©\j
+ D D CljoniiX X, () gy — (9 )Joui)}\ .
£=2jo+ji++jo=k .
1<j1,ennde
and
OFu —oFfu)* - {u K — (37 ku;
k
N Q\j
+ Z Z Cl,joyndeXjy 7" xjﬂ(a") (o) = (0 )Joui)}\x—o =0,
£=2 jo+ji1+ - -+jp=k 7
1<j1,e0dp

respectively. In view of this, we define xi inductively by xi* = 0 and

rxu™ — (0xU0)),_,

2.50) xin = : U
( ) k |axum - (Bin)|t:0| { (k) = t )|t -0
k .
i Z Z Cﬁ,jo,..,,jl,ﬁ xm a{’ ('I/L (Jo) (ago Ui)\t:o)}\x:O
0=2 jo+ji+---+jp=k
lﬁjl ..... je
fork=1,2,....

Definition 2.46. Let m = 1 be an integer. We say that the data
u" € H"(Ry) and Uie W™*((0,T) x (=6,6))

for the initial boundary value problem (2.43)—(2.44) satisty the compatibility con-
dmon at order k if {u(J)}TO and {X(J)} =61 defined by (2.49)—(2.50) satisfy
=U; in the case k = 0 and

o [t=x=0

(@xu™ = (Ui |,)* - jult) — @FU),,

k
in in £ in Jo - _
2Dl Xy Xy 0 (UG — (9 Ul)lrzo)}u:o =0
022 jotjr -+ o=k
1<j1,ende

in the case k > 1. We say also that the data u™ and U; for (2.43)—(2.44) satisfy
the compatibility conditions up to order m — 1 if they satisfy the compatibility
conditions at order k for k = 0,1,...,m — 1.
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Roughly speaking, the definition of xi ensures the equality 9fu = 9fu; at
x =t = 0 in the direction d¥ u — 0¥ u;, whereas the compatibility conditions
ensure it in the perpendicular direction (0Fu — oY ui)*t.

We shall need to approximate u'™ and U; by more regular data which satisfy
higher-order compatibility conditions. Such an approximation is given by the
following proposition.

Proposition 2.47. Let m and s be integers satisfying s > m = 2, and let
A € C®(U). Ifu™ € H™(R,) takes its values in U and if the data u™ and
Ui e W™=((0,T) X (=6,0)) satisfy

(axuin)\X:0 = (OxUi|1oyso #0

and the compatibility conditions up to order m — 1, then there exists a sequence of
data, {(u>™ UM™YV, such that

™™, U™y € HS (Ry) x W ((0,T) x (~8,8))

converges to (uin, Uy) in H™(R,) x B™1([0,T] x [=6,8]) and satisfies the com-
patibility conditions up to order s — 1.

Proof. Once we fix Ui, the compatibility condition at order k is a nonlinear

relation among (aiui“)\xzo for j = 0,1,...,k. We need to know the explicit
dependence of the highest-order term (0kui)| _; of the compatibility condition
to show this proposition.

The compatibility conditions at order 0 and 1 are given by (u'")| _, = U;,_._,
and

((Oxu™) |y — OxUp) )t - (Au™ ) Oxu™) |, + 3¢ UD),_.y) = O,

respectively. We proceed to consider the compatibility condition at order k in

the case k > 2. We will denote simply by LOT the terms containing 9%u™ for
Jj=0,1,...,k — 1, U, and its derivatives only, and not containing oku, Then,
we have

uy, = (—A@)kofu™ + LOT

and gij“ = LOT for 0 < j < k — 1. Denoting ul® = (3fu),_, and using the
relation 0y = 8;’) + (0; ) Ox inductively, we obtain

k
. k NV .
ulp = (J) (0 @)e=0)! Bxully ;) + (3f @)y, xu™ + LOT
j=0
= (3 @)i=oId —A(u™))* aku™ + (3kp),,_, dxu™ + LOT,
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so that

uf = (P Id-A@i )k Exu),, + xiPexu™)),, + LOT.

[x=0

We also have .
(Of Ui, _eg = X0 (xUD)),_,_, + LOT.

Therefore, the compatibility condition at order k is given by
((@xu™) g = QU jpoy)* - L Id =A™, ) (@%u™),, + LOT} = 0.

Once we obtain these expressions to the compatibility conditions, the approxima-
tion stated in the proposition is obtained along classical lines. See, for instance,
[RMey]. =

2.5.2. Reduction to a system with quasilinear boundary conditions. At
first glance the boundary condition in (2.43) is nothing but a nonhomogeneous
Dirichlet boundary condition. However, u;(t,0) = Ui(t,x(t)) depends on the
unknown free boundary x, which would be determined from the unknown 0% u
through the evolution equation (2.45). Therefore, the boundary condition rep-
resents implicitly a nonlinear relation between u and its derivatives, so that we
will reduce (2.43) to a system with standard quasilinear boundary conditions to
solve the initial value problem (2.43)—(2.44). Now, suppose that u is a solution
to (2.43). Setting

(2.51) Up) = a;” a;”u,

we will derive a system for u and u(2) with quasilinear boundary conditions to-
gether with a quasilinear evolution equation for x. We note that 3 and 8¥ com-
mute. Applying differential operators 8" and 9% to the first equation in (2.43),
Wwe can express 8;’) 0¥ u and 0¥ 0¥ u in terms of U@y, U, and 0P U as

oy 0¥u = (—A(w) N (up + A (wofulofu),
(2.52) X oxu = (—Aw) 2 (up) + A (w0 ul o u)
+(—Au) HA (w)[oF uloF u.

Applying 3/ 3 to the first equation in (2.43) and using the above relations, we
obtain
a;”u(z) + A(u) affu(z) + B(u, a"’u)u(z) = f(z) (‘I/L, a"’u),

where
B(u,0%u)up) = A" (w)[uglofu — 24" (w) [0 ulA(u) 'u),
floy(u,0%u) = 24" (w) [0 ulA(w) A" (w) [0 ul o0y u

- 2A" (w) [0/ u,0 ulo¥ u.
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This is an equation for #(2). We now derive a boundary condition for 1(2) and
an evolution equation for x. Differentiating the boundary condition u = u; on
x = 0 with respect to t twice and using the relation 0; = 0y + (0;p) 0%, we have

oF 0f u +2x 07 o¥u + x* oY o¥u + x 0¥ u
= af’ af’ui + 2&5? 8§?ui +X2 8?? 8§?ui + ga,‘ful
on x = 0, where we used 0;@ (t,0) = x(t). This together with (2.52) implies
(Id -xAw) H2up) + (0¥ u - 0¥ u;) = g1 (X, u,0%u, 0% 0%u;),
where
91(%,u,0%u,0% 0%u;) = 2xAu) ! - x*(A(u) " HH)A (w) [0 ul of u
+ x2A) A (w)[ofulofu
+ af’aful +2&af’a§fui +Xza;? a,‘fui.

Decomposing this relation into the direction 0¥ u — 0% u; and its perpendicular
direction, we obtain an evolution equation for x as

X = x(x,u,upw),0%u,0%u;, 0% 0%u;),
where

X (X, u,u@2),0%u,0%u;, 0% 0%u;)
_ (0¥u —0Fwi) - (91(%,u,0%u, 0% 0%wi) — (Id —XxA W)~ *u)
0¥ u — 03 ui|? ’

and a boundary condition for u(y) as

V@) - U@) = 9@

where Vo) = v (X, u, 08 u, 0¥ u;) and gy = g (X, u,0%u, 0%u;, 0% 0%u;)
are defined by

(2.53) {V(z) = ((d-xAw) ")) T((0Fu — o3 ui)*),

g = (OFu — X u)* - g1(x,u,0%u, 0% 0%u;).
Concerning a boundary condition for u, we would like to write it in the form
v - u = g. However, we have a high degree of freedom for choosing the vector

v. From the point of view of the maximal dissipativity in the sense of (ii) in
Assumption (2.1), the most convenient choice is v = ¥, where

v = e, (u"(0)).
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As before, we introduce the matrix A (u,0@) = (0x@) 1 (A(u) — (0r@) Id). The
eigenvalues of this matrix are (0x®) 1 (xA.(u) — 0;®), whereas the correspond-
ing eigenvectors are e+ (1), which do not depend on 0@. By summarizing the
above arguments, the initial value problem (2.43)—(2.44) yields the following:

(3w + A(u,d) dxu =0 in Qr,
(2.54) U, = ui(x) onR,,
(V- Uy =V Uil on (0,T),
together with
(012 + A(u, dQ) dxu2)

+ B(u,0%u)up) = fo)(u,0%u) inQr,
U@, = UP) (X) on R,
(V@) " U)o = I@)lxo on (0,T),

(2.55)

and an equation for the evolution of the free boundary given by

(2.56) {& = X (X, U, U(), 07U, 07U;, 07 07 wi) ., fort € (0,T),

x(0) =0, x(0) =x{}),

where the initial data u{3, and x{}, should be chosen appropriately for the equiva-
lence of (2.54)—(2.56) with (2.43)—(2.44), and will be given in the next subsection.
Remark 2.48.
(i) In place of 6? a,_?”u we can also use 6? (8 @) 0¥ u as U(2). An advan-
tage of the choice (2.51) is that the reductlon and calculatlons become a
licle bit simpler.
(ii) It is essential to differentiate (2.43) twice in time to derive a system with
quasilinear boundary conditions. For example, the first derivative 1 (1) =
07 u satisfies a boundary condition

(Aw)'ugy +oFu)*t - (ua) — o u),., =0 on (0,T),

which is still nonlinear in ().

Then, we will analyze maximal dissipativity for (2.55) in the sense of (ii) in
Assumption 2.1, that is, the positivity of |v(z) - e;|. The following proposition
characterizes this condition algebraically under the restrictions (2.46) and (2.47).

Proposition 2.49. Suppose that w together with X is a smooth solution to (2.43)
mtzsﬁ/zng (2.46) and (2.47) and that v y) is defined by (2.53). Then, there exists a
unique unit vector I = [ (t) up to the sign mc/7 that

g (0F ui + A(ui) 0¥ ui)|,_, = 0
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Moreover, we have the following identity on x = 0:

Ay —%)% 07w — oF ul
A2 [(xId—-Aw)Tu|

Vo) el = - eyl

This proposition implies that the positivity of |v(2) - 4| is essentially equiv-
alent to the positivity of |u - e, |, where pt is a unique direction that the quantity
07 u + A(u) 0¥ u is continuous across the boundary.

Proof of the proposition. Differentiating the boundary condition in (2.43) with
respect to t, and using the relation 0; = a;” + (8: @) 0%, we have a;”u +x0%u =
07 u; + x 0¥ u; on x = 0. This and the interior equation in (2.43) imply
(2.57) (xId—Au)) (0¥ u — 0¥ u;) = 0f u; + A(w;) 0¥ u; on x = 0.
Since the matrix x Id —A(u) is invertible, it should hold that

(0 u; + A(u;) 0% uy),_, # 0.

Therefore, the direction p is uniquely determined up to the sign as

B ((0F ui + A(u;) 0¥ ;) )
10 ui + A(u;) Ox ui) ||

By taking the Euclidean inner product of (2.57) with u, we have
(xId-Auj,. ) 'u- @Fu - o¥ui),., = 0.

Since both vectors (x1d —A(u|X:0))Tu and (0¥u — afui)\xzo are nonzero, we
have

P, AP,
(a,‘fu—aﬁ?ui)l . [(0x u axul)‘x=0|

X _ T
[x=0 - |(£Id _A(u|x:0))Tu| (&Id A(u‘x:O)) M.

In particular, we see on x = 0 that

Vo) - er = (O¥u —oxu)*t - (Id —xA(u) ') %e,s
= (1-xA7H2 (0% u — 0¥ up)* - es
|0¥ u — 0% u;|

_ o —1)2
= (= XA A Tl

(X =AU -eq,

which gives the desired identity. O
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Once the diffeomorphism @ is given, we can regard the initial boundary value
problems (2.54) and (2.55) as the same type of problem considered in the previous
sections. Concerning the compatibility conditions for the problems, it is straight-
forward to show the following lemma.

Lemma 2.50. Suppose that the data
u™ € H™(R,) and Uie W™*((0,T) x (=6,6))

for the initial boundary value problem (2.43)—(2.44) satisfy the compatibility condi-
tions up to order m — 1 in the sense of Definition 2.46, and that the diffeomorphism

@ satisfies @ (0,X) = x and (3f ) (0,0) = x i, fork = 1,...,m — 1. We have the
Jollowing:

() The compatibility conditions for the initial boundary value problem (2.54)
are satisfied up to order m — 1 in the sense of Definitions 2.8 and 2.27.

(i) Let m > 3. If the initial datum w, is given by (2.49) and w satisfies
(@) ku),_, = uly fork = 0,1,...,m — 1, then the compatibility condi-
tions for the initial boundary value problem (2.54) are satisfied up to order
m — 3 in the sense of Definition 2.8.

2.5.3. Proof of Theorem 2.44. We will first show the existence of the solu-
tion (U, U(2), X) to the reduced system (2.54)—(2.56) with the diffeomorphism ¢
given by (2.48) under an additional assumption m > 4. Then, we will show that
(u,x) is in fact the solution to the original problem (2.43)—(2.44). To reduce
the condition on m, we will derive an a priori estimate for the solution (u, x)
under the weaker assumption m > 2, which together with Proposition 2.47 and
the standard approximation technique gives the result stated in the theorem.

Step 1. Let K1 be a compact and convex set in R? satisfying Ko € K; € U. We
will construct the solution (u, x) satisfying u(t, x) € K and (2.46)—(2.47).

Lemma 2.51. Under the assumptions of Theorem 2.44, there exist positive con-
stants o, €0, 60, Co, and Ty € (0, T] such that if u(t,x) and x(t) satisfy

(2.58) lu(t) = u™ll=, |@xult,-) = oxu™),
|x(t) = x{'1, 18 () — x| < 8o,

and if @ (t, x) is given by (2.48) with the choice € = &, then for 0 <t < Ty we have
the following:

(1) u(t,x) e XKy,

(ii) Ax(u(t,x)) = co, Ax(u(t,x)) ¥ 0, (L, x) = co,

(iii) co < [(OXu(t,-) —oFui(t,-))|,,| < Co,

(iv) vy (t) - er(u(t,-),_,)| = co,

(v) 1/2 < 0x@(t,x) <2, |0:@(t,x)| < Co,
where v 2y is given by (2.53).
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Proof. Tt follows from the assumptions that there exists ¢ > 0 such that

(AL (u™(x)) = 2co,
Ai(uin\x=o) T x> 4o,

11@xu™) oy = Ox U)oy | = 2¢0,

in 2
‘(1 - M(fiillx—o)) [((0xu™) oy = OxUi)|_yp) - € (U™ )| = 2c0.

In view of ;@ (t,x) = Y(x/¢€) ¢ x(t), we proceed to show that if we choose &
sufficiently small, then we have

As(uin(x)) F (%)gf‘ > 2¢o.

Since y(x/&) = 0 for x = 2&, it is sufficient to show this inequality for 0 <
x < 2¢&p. In the case x" < 0 we easily get

. X . .
At e)) = () = A i) = 20
In the case &il" > 0, for 0 < x < 2&p we see that

A () = () = A o)
S AU — X (A () — A ()

> 4cg — 2&|| VU™ ||z~ max [Vy Ay (w)].
uek,
Therefore, if we choose g9 > 0 so small that
&oll Vu™||r» max |V, A, (u)| < co,
ueky
we then obtain A, (uit(x)) — (p(x/so)giln > 2¢¢. Similarly, we can show that

A_(un(x)) + P(x/g)x = 2co, so the claim is proved.
Now, we note that

(0rx) lt=0 )2

- AJr(u'h:x:(})
X ((axu)h:x:o - (aXUi)\wo,x:g(o))L T ey (ult:X:O)’

v2)(0) - ey (U, ) = (1

where we used (0x@)|,_, = 1. Therefore, by taking 8¢ and Ty sufficiently small,
we obtain the desired results. O
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We will construct the solution (u,u(2),x) as a limit of a sequence of ap-
proximate solutions {(u", u?z);&")}n, which is defined as follows. We start to
construct x! by

| m-—1 l'k )

xNt) = > e
k=0
Suppose that x™ is given so that (9fx™);,_, = xi" for 0 < k < m — 1. We
define the diffeomorphism @" by (2.48) with the choice € = &), where & > 0
is the constant stated in Lemma 2.51. Thanks to Theorem 2.31 together with
Lemma 2.50, using the standard arguments such as those in the proof of Theorems
2.25 and 2.39, we can define #u™ on a maximal time interval [0, T}}) as a unique
solution to

oru + AU, 0™ 0xu™ =0 in (0,T#) X R,
u', = u'(x) on R,
K'un\x=ozz'uin on (0,T}),

where ul* = Ui(t,x"(t)). Then, we see that ((a;”")ku")hzo = ufy, for0 < k <
m — 1. Therefore, by Theorem 2.31 together with Lemma 2.50 again, we can
define uf, as the unique solution to

Orulyy + AU, 0p™) Ox U,
+Bu™, 0% " uMupy, = 5, in(0,T}) xR,

Uy, = Wiz)(X) on Ry,
Vi s Uy, =) () on (0, TM),

where fG) = f(yzl)(u",a"”"u") and

n n
vy = vy (dx™ u™, o8 u™, 0% ul'),_,,
9 = g (@ex™, u™, 3% um, 3% " ul", 09" 0" ul") ) .

Then, we define x"*! as a unique solution to

7x"l =x" fort € (0,TH),
x"*1(0) = 0,
(3:x™*1)(0) = xn,

where ’ ’
X" =X @x™ u ufy, 0% u", 0% ul', 0% 0% ul"), .

We see that (afg"“)hzo = gikn for 0 < k < m — 1, so that we can define
(x™, u", uf,)) onatime interval [0, T?) forall n > 1.
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We prove now that for My, M, M3 large enough and T; small enough inde-
pendent of n, we have T} < T} and

™ lwm-1 (1) + 1™ op lmn—1,1, < M,
(2.59) 1y Mwm=2(1y) +1U@)1 s lm-2,1 < M2,
|&n|Hm 1) < Ms.

Here, by taking T = T (M1, M, M3) small enough again we see that u™ (£, x) and
X" (t) satisty (2.58) so that we can apply Lemma 2.51. In the following, we denote
inessential constants independent of M;, M,, M3, and n by the same symbol C,
which may change from line to line. By (2.59), without loss of generality we have
also

(2.60) " lwm-2e )y Uy lwm-s= @z, 1@ lwm-120q) < C,
where @™ (t,x) = @™ (t,x) —x = Y(x/&9)x"(t), so that

{HB(M",3(p'nu")||wm—2(m, 107" 2V lr20,1y) < CMy,
V) lwm=s.0,1;) < C.

Therefore, it follows from Lemmas 2.43, 2.51, and Theorem 2.31 that

™ () -1 +1u" Lyl < CeSMMEA 4+ Ul fme1o,r)),

1wy () s + 1y Imene

< CeC(Ml’Mﬁ)t(l + 101" 2Vl 20,0 + 190 lHm—200,0

t
1 mose + [ I @) Tz at').
It is easy to see that

Ix™ Y gmo,1) < C(1+ X" gm—2(0,17))-
Here, by (2.59)—(2.60) we have
luf lgm-10,1)5 1.f(),_, Im-3,1 = C,

|gé)|Hm‘2(0,T1 )s ||f yllwm-2(1y) < C(1 + My),
X" | gm-200,1,) < C(1 + My + M>).

Therefore, we obtain

1™ [llm-1 () +1U™ ) ln1,7, < CeCMNMIT
Ity llwm2cry) +lugyy, lm-2 1, < CeCAMMITI(1 4 My),
[x™amo,1) < C(1+ M +M;).
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Setting My = 2C, M, = 2C(1 + My), and M3 = C(1 + M; + M>), and taking T;
sufficiently small, we see that (2.59) holds for all n.
Once we have such uniform bounds for the approximate solutions, by consid-

ering the equations for (u™*!—u™, w5 —ufy), x"*1=x") as in the proof of The-

orem 2.39, and by taking T sufficiently small, we can show that {(u", u@) , XM
converges to (U4, U(2), X) in (W™m=2(T})) N W1'°°(QT1)) X WM=3(Ty) x H™(0, T)
and that the limit is a solution to (2.54)—(2.56). Moreover, by the standard com-
pactness and regularity arguments we see that the solution satisfies (1, 1)) €
WM=L(Ty) x WM=2(Ty).
Step 2. We will show that the solution (1,1 (2), x) to (2.54)—(2.56) constructed
in Step 1 is in fact a solution to (2.43)—(2.44) and satisfies 3 9 u = u(). Set-
ting @2y = 0 07 u, it is sufficient to show that 72y = u(2) and the boundary
condition # = u; on x = 0.

Clearly, u satisfies (2.52) with u(2) replaced by i(2) so that 7 (y) satisfies the
same interior equation in (2.55) as u(2). The boundary condition in (2.55) for
U(2) and the equation in (2.56) for x are equivalent to

(2.61) (Id —xA(u) " H2u) + X(0¥ u — ox u;)
=g1(x,u,0%u,0¥ 0%u;) onx =0.

On the other hand, by differentiating the boundary condition in (2.54) for u
twice with respect to t, we see that

0=y u—up.,
=y ((d-XA) ")) + X(0Fu - X wi) — g1(X,u,0%1,0% 0%wi) .-
Eliminating X from these two equations, we obtain
v (Id—xAm) N2 (o) — u@), = 0.
Therefore, v(2) = (2) — U(2) is a solution to the initial boundary value problem

0tv(2) + A(u,0Q) 0xv(2) + B(u,0%u)viz) =0 inQr,
V@)l = 0 onR.,
V(@2)  V@)lyey =0 on (0,T),

where v(2) = (Id —xA(u,,_,)~")?)Tv. Here, we have

~ & in

V) -er(U),) = (1 - m) er (Ul ) - er (U],
which is not zero. Therefore, we can apply Theorem 2.31 to the above problem
and the uniqueness of the solution gives v(2) = 0, that is, @t (2) = u(2). Particularly,
(2.61) holds with 1) replaced by i(2).
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We now show the boundary condition in (2.43). Setting w (t) = (1 —u;)|,_,,
we have

W= ((Id-xA(w) ")) + X (0¥ u—0¥ w;) — g1 (X, u, 0%u, 0% 0%u;))|,_, = 0.

The compatibility conditions imply w|,_, = w),_, = 0. Therefore, we obtain
w = 0, thatis, u = u; on x = 0, so that (1, x) is in fact the solution to (2.43)—
(2.44). Uniqueness of the solution follows from that of the reduced problem
(2.54)—(2.56).

Step 3 In order to reduce the condition m > 4 to m = 2, we will derive an «
priori estimate for the solution (u, x) under this weaker assumption. Although
we will again use the reduced system (2.54)—(2.56), we can now use the relation
070/ u = u(y) to obtain an additional regularity of u. We will prove again that
for My, M,, M3 large enough and T; small enough, we have

v llwm-1(ry) U)o lm-1,1, < My,
(2.62) @ llwm-2cr) U@l lm-2,1y < Ma,
|x|am0,1) < Ms.

Let ¢y and Cy be the constants in Lemma 2.51. By Lemma 2.43, there exists Ky
independent of My, M, M3 such that

1 B m—1 )
o’ Co, [[[0®@ (0) [llm—2, (¥, [[u(O) [[|m-1, [[[t2) (0)[|12—2, Z Ix''| < Ko.
j=0

Moreover, by taking Ty = T; (M1, M2, M3) sufficiently small if necessary, we have

(2.63) 2lvylr=(0,1,), |XIwm-1=(0,1)s
@ llwm-12r,)» 10x@llwm-10Qp) < C(Ko).

Let K be a constant such that Ky, M, M, M3 < K.

Lemma 2.52. For a smooth solution (u,x) ro (2.43) with @ given by (2.48)
satisfying (2.62) and (2.63), we have

loxullwm-1(1y), llUllwm-1= Q) 1U o lm,1 < C(K).
Proof- We begin to evaluate [[|0x1(t)|||m-1. In view of the identities

0Zu = (0x )2 0¥ X u + (32@) ox u,

(2.64) {at Oxtt = (0x@) {0 0¥ u + (3 @) OX 0¥ u + (3% O @) ox u},
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we see that

(2.65)
I 0xu () [[lm-1
< (103 () lllm—2 + [l 3¢ 0xtu(t) [lm-2 + [l O (B) [l m—2
< C(Ko) (10¥ 0% u(t) llm—2 + Il 8 0¥ u(t) llm-2 + [l w () [lm-1).

We note that u satisfies (2.52). In the case m > 3, by Lemmas 2.12-2.13 we have

Il 0% 3F () llm—2 + Il 3 OF w(t) [l m—2
< C(l ) lhm-2) (@) (€ llm-2 + | 8P u®)][72-2),

which together with (2.65) implies [[|[0xu(£)|[|m-1 = C(K). In the case m = 2,

D20y ullj2 we have

by using the Sobolev imbedding theorem |lullr~ < /2| lull

10 aF u(t) > + 107 dFu(t)ll 2
< C(Ko) () () llz2 + 110u(t) |12 10xu(t) =)
< C(Ko) (Il ()l + [ty |37 Nloxu )|,

which together with (2.65) implies
loxu () [[l1 < C(Ko) (lue) (E)llzz + [Jue) 1 + [ w(®]}) < CK).

Therefore, in any case we have [[|0xu(t)|[|m-1 < C(K), which together with the
Sobolev imbedding theorem yields

lullwm-=@p) < C||“||\WH(T1) 1 lyim- 1y < C(K).

We proceed to evaluate |u|,_,|m,:. In view of (2.64) and the identity
07U =up) + (0} @) oxu + 23 @) 3 0¥ u + (3 )? 0% 0¥ u,
we see that

[y lme < 107U 1o lm—2,6 + (B OxU) |y lm-2t
+ l(azu)|x=0|m72t + U lm-1,t
< C(Ko) (It@lccolm-2t + 11y lm-1.
+ 1 (OF@) ooy lm—-2,t 10x Ul L= (02p)

+ 108 32w ol + 107 0TU) _y lm-21)-
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Here, we have |(at2Q?)\X:0|m—z,t < Clx|gm(,). Noting again that u satisfies
(2.52) and using Lemma 2.13, we have

[(OF 0% U)oy lm-2.t + 13 0¥ U) |,y lm—2.t
< C(K) (1 @2))x_g lm-2,¢ +1) < C(K).

Therefore, we obtain |u| _,|lm,1, < C(K). O
Thanks to this lemma, by taking T; sufficiently small we have (2.58) and
lullwm-22r) = C(Ko).

Without loss of generality we can also assume ||U;llwm.»((0,1)x(-5,5)) < Ko. Since
U is a solution to (2.54), we can apply Theorem 2.31 with m replaced by m — 1

to U and obtain

() lm-1 +1uplm-1t < C(Ko)eCB([1(0) lm-1 + il gm-1(0.6))
< C(Ko)eC®t([[u(0) [l|m-1 +1).

We note that 1) is a solution to (2.55) and that in the case of m > 3 we have
1 B(u, 0% u) lwm-=2(1), V@) lwieawm-s=0,1), 105" 2V l12001y) < C(K).
Therefore, thanks to Lemma 2.51 we can apply Theorem 2.31 with m replaced
by m — 2 in the case m > 3 and Proposition 2.11 together with Lemma 2.33 in
the case m = 2 to u(2) and obtain
1wt lllm-2 + U)o lm-2,t

< C<K0>eC<K“(<1 13 2 L2 0) [l U (0) |2

+1g@ am200 + 1f @) Im-3¢ + Jot lf2) () [llm—2 dt'>,
where the term | f(2)|,_, lm-3, is dropped in the case m = 2. Here, we have
V) lwm-220,11)5 1g2) lwm-220,1), If @) lwm-2 @) nwm-2(,) < C(K),
so that
() fllm-2 + 1t o lm-2c < C(Ko)eC®E (1 + CEKIVO) ([[1e2)(0) [[lm—2 +1).
Since x is a solution to (2.56), we see that

|X|am0,1) < C(Ko) (1 + [U@))mg lm—2t + U o lm-1,t).
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Therefore, if we define the constants M, My, M3 by

My =2C(Ko) ([[[w(0) [[[m-1 +1),
M, =2C(Ko) ([lu2) (0) [[fm—2 +1),
M3z = C(Ko)(1 + My + My),

and if we take T = T;(K) sufficiently small, then (2.62) holds. The proof of
Theorem 2.44 is complete.

2.5.4. An extension to a system coupled with ODEs. In application to
physical and engineering problems, the free boundary problem (2.40)—(2.41) ap-
pears coupled with a system of ordinary differential equations for an unknown
W = W (t), which takes its values in RN. We will extend Theorem 2.44 to such a
problem. More specifically, we consider (2.40)—(2.41) with the boundary data Uj
of the form Ui(t, x) = Gi(W(t), x), where G;(W,x) is a given function whereas
W (t) satisfies

(2.66) {W - F(W,x) in(0,T),

W = win on {t = 0}.

As before, we will use the diffeomorphism @(t,-) : Ry — (x(t), o) given by
Lemma 2.43 and set u = U o @. Then, the problem is recast as

ofu+Aw)o¥yu=0 inQr,
(2.67) U, = u(x) on R,
Uy, = ui(t) on (0,T)

with x(0) = 0, where u;(t) = Gi(W(t),x(t)).

Assumption 2.53. Let W be an open set in RN, which represents a phase space
of W. We have G;,F € W™= (W x (=9,9)).

Theorem 2.54. Let m = 2 be an integer. Suppose that Assumptions 2.42 and
2.53 are satisfied. Assume ult € HM(R,) takes its values in a compact and convex
set Ko C U, and that the data u'™ and W™ € W satisfy the following:

(i) As(uin, ) Fxi">0,
(i) (Oxu™)|._, — (OxGy)|

w=win x—o

(iii) ((Oxu™)|,_, — (OxGi)|

w=win x=o

# 0,
)t e (uiny, ) #0,

where x = (8;x)),_, will be determined by (2.69) below. Assume, moreover, that
the data satisfy the compatibility conditions up to order m — 1 in the sense of Def-
inition 2.56 below. Then, there exist Ty € (0,T] and a unique solution (u,x) to
(2.66)—(2.67) withu, 0xu € W 1(T}), x € H™(0,T,), W € H™1(0, T), and
@ given by Lemma 2.43.
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Remark 2.55. As stated in Remark 2.45, the condition (iii) in the theorem
can be replaced by

(i) po - er (U™ _,) # 0,
where o is the unit vector satisfying po - (0:U; + A(U;) 60xU3)),_,_, = 0 with

Ui(t,x) = Gi(W(t),x). This unit vector Mo is uniquely determined up to the
sign under the other assumptions of the theorem.

Outline of the proof of Theorem 2.54. We can construct the solution (u, x, W)
as a limit of a sequence of approximate solutions {(u™,x", W™")},, which are

defined by

oru + A(um,0p") oxu" =0 in Qrp,
ul,_, = u"(x) on R,
u |, =ul(t) on (0,T),

with x™(0) = 0, where u{*(t) = Gi(W"™(t),x"(t)) and @™ is given by (2.48)
with € = & and x replaced by x", and

Wntl = F(Wn, x") fort € (0,T),
Wn+1(0) = Win,

Under the condition |[W™|ym-1.= (1), | X |wm-12(0,1) < C(Kp), we have
(W™ gm0,y < C(Ko) IW™ [Emeo,r) + |X™ [Em o) + 1)
Therefore, we can apply Theorem 2.44 for the existence of the solution (1", x™)

with uniform bounds in appropriate function spaces, so that we can pass to the
limit n — oo to obtain the desired solution. O

2.5.5. Compatibility conditions. Suppose that (u,x, W) is a smooth so-
lution to (2.66)—(2.67). As in Section 2.5.1, we define ui}, = ((3/)ku),_, by
(2.49). We denote

win = @kw),, and  xP = (x|,
as before. It follows from W = F(W, x) that
(2.68) W,ij}rl = c3,k(Wi“,W{“,...,W,i“,&{)“,ﬁ“,...,gi,f .

Using the relation Ui(t, x) = Gi(W(t), x), we have

(BK0LU |y = Con e (Wi, Win, L WD),
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This together with (2.50) yields

axuin - (axGi)\W:Win
[oxuin — (ain)‘w:wiﬂ |2

(2.69) xp =

X {ul(f;() — oo (Wi, Wit .., win

k
in in
+ Z Z C{),J'o,---,je&ﬁ T xjp
0=2 jotji+---+je=k
1<j15mnnde

£ . ,in in in in
X (axu(jo) - Cz,jo‘g(W S Wil oo, WJO))}|x:0-
Now, we can calculate gikn and W,ic” inductively by &B" =0, Woi” = Win and
(2.68)—(2.69) in terms of the data u'™ and W,

Definition 2.56. Let m = 1 be an integer. We say that the data un e H™(R,)
and Wi for the problem (2.66)—(2.67) satisfy the compatibility condition at or-
der k if {ui(r})}ﬁo and {gi(r})}ﬁf)l defined by (2.49) and (2.69) satisfy u(0) =
G;(Win Q) in the case k = 0 and

@xu™ = (G, )™ - {ulhy = coko (W, Wi, .., Win

k
in in
+ D CljoieX( X ()
0=2 jo+ji1+--+jp=k
1<j1,en0de
{,,in . in in in _
X (O Uy = Ca,jo,0 (Wo", Wi ""’WJO)}\X:o =0

in the case k > 1. We say also that the data u'™ and W,i(“ for the problem (2.66)—
(2.67) satisfy the compatibility conditions up to order m — 1 if they satisfy the
compatibility conditions at order k fork = 0,1,...,m — 1.

Roughly speaking, the definition of xi ensures the equality 9fu = dfu; at
x =t = 0 in the direction d¥ u — 0¥ u;, whereas the compatibility conditions
ensure it in the perpendicular direction (0Fu — oY ui)*t.

3. TRANSMISSION PROBLEMS

We proposed in Section 2 a general approach to study initial boundary value prob-
lems with a possibly free boundary for 2 x 2 hyperbolic systems. Our results can
easily be extended to systems involving more equations, provided that the diago-
nalizability properties used in Proposition 2.20 to construct the Kreiss symmetrizer
are still valid, and we show in Appendix C how to handle N x N hyperbolic sys-
tems. Here, we study more specifically and with more details a particular example,
namely, transmission problems involving the coupling of two 2 x 2 hyperbolic
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systems across an interface. Such problems can be transformed into 4 X 4 initial
boundary value problems that have the required diagonalizability properties. As
transmission problems are relevant for many applications, we devote this section
to their study.

3.1. Variable coefficients linear 2 X 2 transmission problems. We consider
here a linear transmission problem, where we seek a solution u solving a linear
hyperbolic system on Q7 = (0,T) X R_, and another one (possibly the same)
for Q7 = (0,T) x R, assuming that a transmission condition is provided at the
interface {x = 0}. More specifically, we study the system

dru + A(t,x) dxu + B(t,x)u = f(t,x) inQ7,
oru + A(t,x) 0xu + B(t,x)u = f(t,x) inQ7,

U, = u(x) on R_UR,,
N5 (Huj,_,, — NL(Hu,_, = g(t) on (0,T),

3.1)

where u, u®, f, and f are R?-valued functions, g is a R?-valued function, while
A, A, B, and B take their values in the space of 2 X 2 real-valued matrices. The
matrices N}, and N}, that appear in the transmission condition are of size p X 2,
where p (the number of scalar transmission conditions) depends on the sign of
the eigenvalues of A and A.

Notation 3.1. We consider three possibilities corresponding to the following
cases, where Xi,j(t, —-x) and A4 j(t,x), j = 1,2, are assumed to be strictly
positive for all (¢,x) € Qr.

Case p = 1. There is one outgoing characteristic, that is, one of the following two
situations holds:
e The matrices A(t,—x) and A(t,x) have eigenvalues +A. (t,—x) and
—A_j(t,x), j = 1,2, respectively.
e The matrices A(t, —x) and A(t,x) have eigenvalues /i+‘j(t, -Xx), j =
1,2, and A (t, x), respectively.

Case p = 2. There are two outgoing characteristics; that is, the matrices A(t,—x)
and A(t, x) have eigenvalues +A.(t,—x) and +A. (L, x), respectively.
Case p = 3. There are three outgoing characteristics; that is, one of the following
two situations holds:
e The matrices A(t,—x) and A(t,x) have eigenvalues +A.(t,—x) and
As,j(t,x), j = 1,2, respectively.
o The matrices A(t, —x) and A(t,x) have eigenvalues —i_,j(t, -X), j =
1,2, and A (t, x), respectively.
Denoting by €. j(t, —x) and e~ j(t, x) unit eigenvectors associated with the eigen-
values /ii,j(t, —x) and A j(t,x) (j = 1,2,9), we define a 4 X p matrix E, (t)
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).

where 0 < p' < 2 (respectively, 0 < p* < 2) denotes the number of negative

eigenvalues of A(t,0) (respectively, positive eigenvalues of A(t,0)), and E_(t)
and E, (t) the matrix formed by the corresponding eigenvectors.

by
E_ (1) Oppr

Ep(t) = (OW E. ()

Remark 3.2. Here and throughout this article, the terminology incoming and
outgoing denotes taking the boundary (and not the domain) as reference. This
seems to be the convention when dealing with free boundary problems, which is
our main concern here.

Remark 3.3. Here, we did not list all the possible cases; that is, the cases p =
0,4 are omitted. Moreover, even in the case p = 2 there are two other possibilities.
The results presented in Appendix C can be used to treat these missing cases.

It is convenient to recast (3.1) as a 4 X 4 initial boundary value problem by
setting

(Ar(t,x) = A(t, x),
Al(t, x) = A(t, —x),

2 .
3.2 frt,x) = f(t,x),
(u'(t,x) = u(t,x),
and
[ —Al 0252
02 AT )7

]
ul
u-= ul’

Bt (t,x) = B(t,x),
Bl(t,x) = B(t,—x),
fit, x) = f(t,—x),
ul(t,x) = u(t,—x),
_ < B! 02><2>
O2x2 B"

(1)

The transmission problem (3.1) is equivalent to the following initial boundary

value problem:

oru + A(t,x) 0xu +
u,, = uin(x)
Np(t)“|x=0 = g(t)

(3.3)

B(t,x)u=f(t,x) inQr,
on [R+,

on (0,T),

where u"(x) = (u"(—x), u"(x))T and Ny, is the p x 4 matrix
(3.4) Np (1) = (=Nj (1) N5 (1))

This initial boundary value problem has a block structure. In order to ensure its
well-posedness, we shall make the following assumption, which ensures that the
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system of equations is strictly hyperbolic. Note that the condition on the invert-

ibility of N, (£)N, (£ )T in the first point is here to ensure that N, is uniformly of
rank p.

Assumption 3.4. There exists co > 0 such that the following assertions hold:

Q) Al A" € WL (Qr) and B\, B" € L*(Q7). Moreover, N, € C([0,T)), and
foranyt € [0, T] we have

det (N (t) Np()T) = co.

(ii) Omne of the three cases stated in Notation 3.1 holds. Moreover,

-

i,j(ti_x),Ai,j(t,X)ZCO (J: 1121®),
1As 1 (t, =) = Asa(t, =), [As 1 (£,X) — Asa(t,X)] = co.

(iii) WithE,(t) in Notation 3.1, the p X p Lopatinskii matrix

is invertible, and for any t € [0, T we have

., 1
||Lp(t) lgp —rr < —.

Co

We can then derive sharp estimates similar to those derived in Theorem 2.5
for initial boundary value problems. The compatibility conditions are not made
explicit because they can be obtained as for Definition 2.8.

Theorem 3.5. Let m = 1 be an integer, T > 0, and assume that Assumption 3.4
is satisfied for some co > 0. Assume, moreover, there are constants 0 < Ko < K such
that

1

o lAllL> @), INplL=(0,1) < Ko,

Ao @pys IBllz=(@q), II(OA, 0B) [lwm-1(1), INplwme(,1) < K.
Then, for any data u” € H™(R,), g € H™(0,T), and f € H™(Q7) satisfying the
compatibility conditions up to order m — 1, there exists a unique solutionu € W™ (T')

to the transmission problem (3.3). Moreover, the following estimate holds for any
te[0,T] andanyy = C(K):

t 172
0 oy + (3 [ 100 Wy a) ™+ 10l
< C(Ko) ([w(0) llm +1glmpo,6) + [fieplm—1,.6 + Sy e QO£ () [[[m-1))-
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In particular, we have

() fllm + 1)l < C(Ko)eaK”( 1 (O) fllm +1glrm o,

t
iy e+ jo 13eECE) s dt').

3.1.1. A priori estimates. We prove here an L? a priori estimate using the
following assumption, which is the natural generalization of Assumption 2.9 to
4 X 4 systems.

Assumption 3.6. There exists a symmetric matrix S(t,x) € M4(R) such that
Jor any (t,x) € Qr, S(t,x)A(t, x) is symmetric and the following conditions hold:

(i) There exist constants o, Bo > 0 such that for any (v,t,x) € R4 x Qr we
have

&olvI2 < vIS(t,x)v < BolvI2.

(ii) There exist constants &1, B1 > O such that for any (v,t) € R* x (0,T) we
have

vIS(t,0)A(t,0)v < —o;|V]? + B1IN, (1) V]2
(iii) There exists a constant By such that
[10¢S + 0x (SA) — 2SB|| 1212 < B3.

Under this assumption, the L? # priori estimates of Proposition 2.11 can be
straightforwardly generalized.

Proposition 3.7. Under Assumption 3.6, there are constants

co=C(£ i) and c1=C(&& @>

o’ o X’ Xo o

such that for anyw € H (Qr) solving (3.3), any t € [0,T1, and any y = B2/ o,
the following inequality holds:

t 1/2
’ 2 ’
o) oy +(v |, ) 1y a) + w00

< collu™ 12 + €1 (gl 530, + St (IEC)112)).

Similarly, the following generalization of Proposition 2.17 does not raise any
difficulty, and we therefore omit the proof.
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Proposition 3.8. Let m > 1 be an integer, T > 0, and assume Assumption 3.6
is satisfied. Assume, moreover, there are two constants 0 < Ko < K such that

€0, C1, ||A||L°°(QT), ||A71||L°°(QT), |N1’J|L°°(0,T) = KO,
B2
V] ||A||W1'°°(QT)1 ||B||L°°(QT)!
Xo

(A, OB) llyym-1(T), INplwm=,1) <K,

where ¢ and ¢| are as in Proposition 3.7. Then, every solutionu € H™ 1 (Qr) to the
initial boundary value problem (3.3) satisfies, for any t € [0, T] and any y = C(K),

t 1/2
10 o+ (3 [, W) Wy dE) ™+ Rl
< C(Ko) ([[lw(0) [l[m +18lag 0,6 + If1sglm=1,.6 + S5 ¢ (10E (X" [[m-1))-

3.1.2. Proof of Theorem 3.5. As for the proof of Theorem 3.5, we just have
to prove that the assumptions made in the statement of Theorem 3.5 imply that
Assumption 3.6 is satisfied. This is what the following lemma claims; its proof
requires the construction of a Kreiss symmetrizer yielding maximal dissipativity
on the boundary. We refer to Lemma C.6 in Appendix C for a proof, since it is a
particular case of the general result for N x N systems presented there.

Lemma 3.9. Let co > 0 be such that Assumption 3.4 is satisfied. There exist a
symmetrizer S € WL (Qr) and constants o, &1 and Bo, B1, B2 such that Assump-
tion 3.6 is satisfied. Moreover, we have

1
¢=<C (—, ||A\l:0||L°°([R+)> )
Co
1
aq=<C C—O,||A||L°°(QT);|Np|L°°(0,T) ,

where ¢y and ¢1 are as defined in Proposition 3.7, and we also have

B2 _ C(— AT, Bl -
B = \g

3.2. Application to quasilinear 2 x 2 transmission problems. As done in
Section 2.2 in the case of initial boundary value problems, we can use the linear
estimates of Theorem 3.5 to solve quasilinear problems. More precisely, after
reduction to a 4 X 4 initial boundary value problem as indicated in Section 3.1,
let us consider

Jgu+A(u)oyu+B(t,x)u=Ff(t,x) in Qr,

(3.5) u),_, =u(x) on R,
N, (Duy,_, = g(t) on (0,7T),
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where u = (u!,u")T, u, and f are R*-valued functions, and g is a R”-valued
function, while A(u) = diag(—A(ul),A(uf)) and B = diag(Bl,Bf) take their
values in the space of 4 X 4 real-valued matrices and N, is a p X 4 matrix, where p
is the number of outgoing characteristics (i.e., the number of positive eigenvalues
of A(u)).

Notation 3.10. Adapting Notation 3.1 in a straightforward way, we consider
three different possibilities (p = 1,2, 3) depending on the sign of the eigenvalues
of A(u') and A(u"). Correspondingly, a 4 X p matrix E, (u),_,) is formed as
in Notation 3.1 with the eigenvectors associated with the eigenvalues defining
outgoing characteristics, and we define the Lopatinskil matrix by L, (t,u),_,) =
N, (OE, (u,,).

We also make the following assumption on the hyperbolicity of the system
and on the boundary condition.

Assumption 3.11. Let U and U be open sets in R? and p € {1,2,3} such that
the following conditions hold witht = U x ‘U representing a phase space of u:
i) AeC™WU).
(ii) The integer p is such that for any u = (u,u")" € U the matrices A(u')
and A(U") satisfy one of the three conditions of Notation 3.1, and one has

Aej(u), Asj(u) >0 (j=1,2,9),
Ax g uh) = Aupuh)], 1As (U5 = Asp(uh)| > 0.

(iii) For any t € [0,T] and any u € U, the matrix N,[,(t)Np(t)T and the
Lopatinskii matrix Ly (t,0) are invertible.

The main result is the following. The compatibility conditions mentioned
in the statement of the theorem can be obtained as for Definition 2.27. It can
be deduced from Theorem 3.5 in the same way that Theorem 2.25 was deduced
from Theorem 2.5, and we therefore omit the proof.

Theorem 3.12. Letm = 2 be an integer and assume Assumption 3.11 is satisfied
with some p € {1,2,3}. Assume, moreover, B € L°°(QT) 0B € wWm- 1(T) and
N, € W™=(0,T). Ifu™ € H™(R,) takes its values in Ko x Ko with Ko c U
and Ko C U compact and convex sets, and if the data u'™, f € H™(Qr), and
g € H"™(0,T) satisfy the compatibility conditions up to order m — 1, then there exist
T: € (0, T] and a unique solution a € W™ (T1) to the transmission problem (3.5).
Moreover, the trace ofw at x = 0 belongs to H™ (0, T1), and |a|,_,|m,1, is finite.

3.3. Variable coefficients 2 X 2 transmission problems on moving domains.
As for the initial boundary value problems considered previously, we consider
here the case of variable coefficients transmission problems on a moving domain
as a preliminary step to treat free boundary transmission problems. We consider
therefore a transmission problem with transmission conditions given at a moving
boundary located at x = x(t) with x(-) a given function. As in Section 2.3, we
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consider variable coefficients matrices of the form A(t,x) = A(U(t,x)), and so
on. Let us consider therefore

0U+AWU)U+BU=F  in(—co,x(t)), forte (0,T),
0tU+AU)0,U +BU =F in (x(t),+), fort € (0,T),
(3.6) Uj,_, = u™(x) onR_UR,,
N];)(t)ch:z(tHo
- NLO U,y = 8(t) 0on (0,T),

where, without loss of generality, we assumed that x(0) = 0, and with notation
inherited from the previous sections. As in Section 2.3, we use a diffeomorphism
@(t,-) : R — R such that (0, -) = Id and that, forany t € [0, T], we have

@(t,0) = x(t),
@(t,): R — (—o00,x(1)),
@(t, )Ry — (x(1),+00).

Writing as before u = U o @, 8;pu = (8;U) o @, and so on, and with 05 and
07 as defined in (2.17), we transform (3.6) into a transmission problem with a
fixed interface located at x = 0. By using the same procedure as in Section 3.1
and with the same notation as in (3.2) (we write also @!(t,x) = @(t,—x) and
@' (t,x) = @(t,x) for x > 0), this transmission problem can be recast as a 4 x 4
initial boundary value problem on (0, T) X R, namely,

oru + A(u,0) oxu + B(t,x)u =f(t,x) inQr,
(3.7) u),_, =u"(x) on R,
Ny, (Du,_, = g(t) on (0,T),

withu = (uh, unT, = (¢!, )T, and

_(~AW0eh) 0
A(H,acp) - < 02)(2 Ar(ﬂr!a(pr)

as well as

A, 09" = (A — (3; " 1d),

|Ox @
(A" - (0@ 1d),

1
A" (W, 0p") =

“ (p aX(pr
while B and f are as in Section 3.1. The matrix N, is as in (3.4) and still denotes
a p X 4 matrix, but the difference is that the value of p depends not only on the
eigenvalues of A(u) and A(u), but also on the speed X of the interface. For the



Hyperbolic Free Boundary Problems and Applications 423

sake of simplicity, we consider here the case where A(u) and A(u) have both a
positive and a negative eigenvalue, and shall consider two cases depending on the
speed of the interface.

Definition 3.13. Denoting by 1( ) and +A.(u) the eigenvalues of
A(u)) and A(u"), respectively (with A~ (u!), A~ (u") > 0), we define two regimes:

Subsonic regime. We say that u = (ul, u")T and x € R are in the subsonic regime
if the following condition holds:

A-(u)Fx>0 and Ar(u)Fx>0.

Lax regime. We say that u = (u!,u")T and x € R are in the Lax regime if the
following condition holds:

A-w)Fx>0 and -As(u)+ x>0,
or

“AwhH-x>0 and A.(w)Fx>O0.

Remark 3.14. This terminology is of course inherited from the study of
shocks [Lax57]. The linearized equations around a shock can indeed be put
under the form (3.6). We refer to Section 6.2 where we prove the stability of
one-dimensional shocks for nonlinear 2 x 2 hyperbolic systems.

Since the eigenvalues of the matrix .A(u, 0¢p) are given by

L (e ) - 3",

1 X ol I
1|(i2\;(u)+at<p) and e

|0x @

the number p of outgoing characteristics for (3.7) is equal to 2 in the subsonic
regime, and to 1 in the Lax regime. As in Notation 3.1, we form a 4 X p matrix
E,(u, ) given by

(@) 0
Exu, )= ( Ot e+(lr|xo))

in the subsonic regime, and

Ei(u, )= (e (. 0)) or Ei(w )= ( 021 )

02x1 e (u )

(depending on which of the two conditions in Definition 3.13 is satisfied) in the
Lax regime. As in Assumption 3.4, we define a Lopatinskii matrix L, (£,u,__ ) by

(38) I—-p(t,ﬂu:o) :Np(t)Ep(E\XZO)-
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In order to be able to apply Theorem 3.5 to this initial boundary value problem,
we make the following assumption. It is the natural generalization of Assump-
tion 2.29 to transmission problems.

Assumption 3.15. We have u = (ul,u")T € wh>(Qr), x € C([0,T]),
x(0) = 0, and the diffeomorphisms @' and " are in C1(Qr). Moreover, there exists
co > 0 such that the following three conditions hold:

(i) There exist open sets U, U C R? such that, with U = U x ‘U, we have
A € C*MU), and for any u = (u, unT € U, the matrices A(u) and
A(u") have eigenvalues A (ul), =A_(u) and A, (u), —A_(u), respec-
tively. Moreover, W takes its values in a compact set Ko C U, and for any
(t,x) € Q1 we have

Ar(ul(t,x)) =co and AL(u(t,x)) = co,

and one of the following conditions holds:
(@) As@l(t,x)) T @' (t,X) = o and Ar (W (L, X)) F 0 PT(t,X) = Co.
(b) Ar(ul(t,x)) F o Pl (t,x) = co and —As (W' (L, X)) + 3 PT(t,x) =
Co.
(© —A_(ul(t,x)) — 3Pl (t,x) = co and Au (W' (L, X)) T 3 PT(t,x) =
Co.
(ii) The Lopatinskii matrix L, (t,0,__ ) associated with the condition (a), (b), or
(¢) constructed in (3.8), is invertible, and for any t € [0, T we have

1
ILp (1) (0) Hlgrr—gr < —.
Co

(iii) The Jacobian of the diffeomorphism is uniformly bounded from below and
[from above; that is, for any (t,x) € Qr we have

1 1
co < -0y P (t,x) < — and o < 0xP(t,x) < —.
Co Co

The equivalent of Theorem 2.31 for transmission problems is the following.
We do not make explicit the compatibility conditions in the statement of the
theorem because they are obtained through a procedure similar to the one used
for Definition 2.8.

Theorem 3.16. Ler m = 1 be an integer, T > 0, and assume that Assump-
tion 3.15 is satisfied for some co > 0. Assume also there are constants 0 < Ky < K
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such that

1
o 1109 (0) lm-1, 18P lz= () I1AllL=(1cy)» INp L= (0,7) < Ko,

10@ llwm-1 (1), 10e@" I m(p)s 1@ P |1~ 0,1) < K,
lwllwe @y nwm Ty, IBllwie(r),
10Blwm-1 (1), INp W= awm-12(0,1), 107 Nplr20,1) < K,
where @ (t,x) = P (t,x) — x and P'(t,x) = P'(t,x) + x. Then, for any data
u™ € H™(R,), g € H™(0,T), and £ € H™(Qr) satisfying the compatibility
conditions up to order m — 1, there exists a unique solution w € W™ (T) to the

transmission problem (3.3). Moreover, the following estimate holds for any t € [0, T]
and anyy = C(K):

) oy (3 [} 1000 1y 007) "+
< C(Ko) (1 + 107"Ny l120.0)) [[| 0 (0) [1m
+ gl oo + s lmoty+ S5AIEC) lm))-
In particular, we also have
FaCe) [llm + gl

< C<K0>eC<K”(<1 17N 200 [ 0 (0) [

t
1glmo + 1fy ot + jo ECE) llm dt').

3.3.1. Proof of Theorem 3.16. As for Theorem 3.16, we do not seek a
direct estimate on u = (u!,u") in W™ (T), but W™ 1(T) estimates of u and

ue = (prlul, 8§pru‘). The WM~1(T) estimate of u is obtained exactly as in Step 1
(page 381) of the proof of Proposition 2.32, and requires a variant of Lemma 2.33
which is easily obtained by choosing a symmetrizer S given in the subsonic case
p = 2 (with straightforward adaptation in the Lax regime p = 1) by

S = (o [(m) Tl + M(nl)Trl ]
+ (O @) ()T + M(m) Tt ]

and by using Theorem 3.5. To obtain the W™~!(T) estimates of u®, we first
comment that U? solves

oru® + A(u,0p) oxu® + Bhu® =f;y) inQr,
(39) ]:ll(fzo = ul(ri) on R+,
N (DHa®, =g (t) on (0,T),

|x=0
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where B(1) = diag(B%l),Bfl)) and f(;) = (f(ll),f(fl)) are straightforwardly deduced
from (2.24), while g1y = (g{;),9{;)) and

Ny = (=N () Ny )

are obtained by using a procedure similar to the one used to derive (2.26). In
particular,

Niy () = Nb(Id-xA@!),_)7"),
N (8) = N5 (Id—x A, )70).

In order to apply Theorem 3.5 to (3.9), it is necessary to show that the third
point in Assumption 3.4 is satisfied. We therefore consider the Lopatinskii matrix
L) (t,u,,_,) associated with (3.9), namely,

Loy (tuy ) = (=N{, (0) Niy (D) Ep(wy ).
When p = 2 (the case p = 1 is a straightforward adaptation), one has therefore

X
x7 (Ml‘x#}) .
X )

0 1- —M—
Av(ur )

1
L(l)(tlgb{:o) = Lp(t’!bc:())

and the required bound on L) (t,g‘xzo)‘1 is therefore a direct consequence of

Assumption 3.15. It is therefore possible to apply Theorem 3.5 and to obtain an
W™=1(T) bound on u® by a close adaptation of the proof of Proposition 2.32.
Thanks to the block structure of the equations, the end of the proof follows the
same lines as the proof of Theorem 2.31, and we therefore omit the details.

3.4. Application to free boundary transmission problems with a trans-
mission condition of “kinematic” type. We consider here a general class of free
boundary quasilinear transmission problem in which two quasilinear hyperbolic
systems at the left and at the right of a moving interface located at x = x(t) on
which transmission conditions are provided:

U+ AU)3U=0 in (—o0,x(t)), fort € (0,T),

U+ A(U) U =0 in (x(t),+o), fort € (0,T),
(310) U|t=0 = uin(X) on R_UR,,

M;’JU|X=£(£)+0

- MIPU‘X=&(£)—0 =g(t) on(0,T),
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where we have assumed that x(0) = 0 without loss of generality. Moreover, we
assume that the position of the interface is given through a nonlinear equation of
the form

(31 1) & = X(U‘x=g(t)—0’ U|x:§(t)+0)

for some smooth function x defined on a domain of R? x R2. The same reduction
as in Section 3.3, and using the same notation, leads us to consider the 4 x 4 initial
boundary value problem

Ju+ . A(u,0p)o,u=0 inQr,
(3.12) U, = ui™(x) onR,,
N,u,_, =g() on (0,T),

where N, = (-N lp N,) is here, for the sake of simplicity, a constant p x 4 matrix

(the value of p is discussed below). These equations are complemented by the
evolution equation

X = X(ulx:O)'

This boundary condition, of “kinematic” type, leads us to work with the following
generalization of the “Lagrangian” diffeomorphism (2.34),

t
(3.13) @ (t,x) =x+w(§> Jo xu(t',|x]))dt’,

where ¢ € Cy(R) is an even cut-off function such that ¢(x) = 1 for |x| < 1
and = 0 for |x| = 2, while € is chosen small enough to have u close enough
to its initial boundary value when x is in the support of ¢ and t small enough.
Contrary to (2.34), this cut-off is necessary here because x might not be defined
at the origin (e.g., this is the case in Section 6.2 for the evolution of shocks). In
particular, we have

Pt = —x+ (T Jotx(u(t’,x))dt’,
Pit,x)=x+y (%) Jotx(u(t',x))dt',

and @' satisfy the same kind of bounds as those given in Lemma 2.37 (with
Pr(t,x) = P (t,x) — x and P'(t,x) = @!(t,x) + x). The well-posedness of
(3.12)—(3.13) also requires the following assumption.

Assumption 3.17. Let U and U be two open sets in R?, and let U = UxU
represent a phase space of 0. Let U; ¢ U and U; C U be also open sets and let
U; = Uy x Uy represent a phase space of ,_,. The following conditions hold:
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(i) AeC®U) and x € C*Uy).
(i) Forallu = (ul,un)T € U, the matrices A(u') and A(ur) have eigenvalues
A (u), —A_(ul) and Ay (ur), —A_(wh), respectively, satisfying

Ar(uh) >0 and A.(u) > 0;

moreover, one of the following situations for any u = (u', u")™ € Uy holds:
(a) A+(u YyFx(a) >0 and A- (u) F x(u) > 0.
b) A. (u)+x(u) > 0 and Ay (u") — x(u) < 0.
© A_(u) + x(u) < 0andAs(u?) ¥ x(u) > 0.

(iii) For anya € Uy, the Lopatinskii matrix L, (W) associated with the condition
(@), (b), or (c) constructed in (3.8) is invertible (note that p = 2 under
condition (a) and p = 1 under conditions (b) and (c)).

Remark 3.18. With the terminology introduced in the previous section, con-
dition (a) corresponds to an interface moving at subsonic speed, while conditions
(b) and (c) correspond to interfaces moving at supersonic speed (to the right for
condition (a) and to the left for condition (b)) and satisfying Lax’s conditions.

We can now state the following theorem, which can be deduced from Theo-
rem 3.16 in exactly the same way as Theorem 2.39 is deduced from Theorem 2.31
for a free boundary initial value problem with an evolution equation of kinematic
type for the location of the boundary.

Theorem 3.19. Let m = 2 be an integer. Suppose that Assumption 3.17 is
satisfied. Ifui™ € H™(R.) takes its values in Ko X Ko with Ko € U and Ky U
compact and convex sets, z'fui“(O) € Uy, and if the data u" andg € H™(0,T) satisfy
the compatibility conditions up to order m — 1, then there exist Ty € (0,T] and a
unique solution (u, x) to (3.10)—(3.11) withu € W™(Ty), x € H™*1(0,T1), and
@ given by (3.13).

4. WAVES INTERACTING WITH A LATERAL PISTON

We analyze here a particular example of wave-structure interaction in which the
fluid occupies a semi-infinite canal over a flat bottom which is delimited by a lat-
eral wall that can move horizontally. When the wall is in forced motion, this
situation corresponds to a wave-maker device often used to generate waves in
wave-lumes [KE02, OBT12]. We are more interested here in the case where
the lateral wall moves under the action of the hydrodynamic force created by the
waves and of a spring force that tends to bring it back to its equilibrium posi-
tion. This configuration corresponds to a wave absorption mechanism and can
also be seen as a simplified model of wave energy convertor, such as the Oyster
system. Such a configuration has been studied numerically in various references
[HKH"09,KSS09,KD18], but there is no mathematical result available yet. Note
also that this problem is related to the piston problem for isentropic gas dynamics
whose linear analysis can be found in [Ger84] and weak solutions constructed in



Hyperbolic Free Boundary Problems and Applications 429

[Tak95]. Our goal in this section is to provide a well-posedness result for this
wave-structure interaction under the shallow water approximation, that is, assum-
ing that the evolution of the free surface is governed by the nonlinear shallow
water equations. The configuration under study here is described in Figure 4.1.

x(t)

FIGURE 4.1. Waves interacting with a lateral piston

4.1. Presentation of the problem. In the canal, of mean depth hj and
delimited on the left by the moving wall located at x = x(t), the waves are
described by the nonlinear shallow water equations. It is convenient to write them
in (H,V) variables, where H(t,x) = ho + Z(t,x) is the water depth, Z(t,x) is
the surface elevation of the water, and V (¢, x) is the vertically averaged horizontal
velocity
41 {atH+ax(H\_/) =0 in (x(t), ),

) OV +VoxV+gdyH=0 in (x(t),),

where g is the gravitational constant; with this formulation, the boundary condi-
tion at the left boundary at the canal will be imposed as the kinematic type: the
velocity V matches the velocity X, that is,

(4.2) V(t,x(t)) = x().

Since the wall moves under the action of the hydrodynamic force exerted by the
fluid and of the spring force, its position x (t) satisfies Newton’s equation

mX = —k(X — X¢) + Fhyd,

where m is the mass of the moving wall, k the stiffness of the spring force, x its
reference position, and Fiyq4 the hydrodynamic force. This force corresponds to the
horizontal pressure forces integrated on the vertical wall. Assuming, in accordance
with the modeling of the flow by the nonlinear shallow water equations, that the
pressure is hydrostatic, we get

Z(t,x(t))
Fiyd = J T pe(z(t,x(0) - 2)d2’

—fto
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1
= 5pg(ho + Z(t,x(1)))~
At rest, we have H = hy, and the equilibrium position Xeq is therefore given by

1 pgh?
&eq —Xp = ETO

so that Newton’s equation can be put under the form
.. 1
(4.3) mi = k(X — Xo) + 508((ho + Z,.,)* — h{).

The free boundary problem we have to solve consists therefore in the equations
(4.1)—(4.3) complemented by the initial conditions

{(Z,tho = (Zin,Vin)  onR,,
(&’&)h:() = (0,£11n ,

where we assumed without loss of generality that the wall is initially located at
x =0.

4.2. Reformulation of the equations. As in Section 2.3, the first step is to
use a diffeomorphism @ (t,-) : Ry — (x(t), %), and to work with the transform
variables

C(t,x) =Z(t,p(t,x)), v(t,x)=V(t, @t x))
with h = hg + €. The boundary condition (4.2), which can be rewritten as
x(t) =0(t,0),

leads us to work with the Lagrangian diffeomorphism

t
(4.4) @ (t,x) =X+J0 v(t', x)dt’,

which satisfies the properties stated in Lemma 2.37. After composition with @,
the problem under consideration is reduced to the initial boundary value problem

0C+hoXv =0 in Qr,
00 +goxC =0 in Qr,
(C,0)),, = (€, ") onR,,
Voo = X on (0,T),

(4.5)
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coupled to the ODE

(4.6) {mg = k(X —xe) + %Pg((ho + )2 —h3) forte (0,T),
(x,%)),, = (0,xI
where we used the same notation as in (2.17), that is, oy = (1/0x®) dx. The

initial boundary value problem (4.5) is of course of the form (2.19) with u =
(€, )%, v=(0,1T, and

(4.7) Au) = <Z ff)

whose eigenvalues +A. (1) and the corresponding unit eigenvectors e (u) are

given by
; 1 Vh
Ar(u) =+gh £ v, +(u) = ( )
& ¢ \g+h\*/8

Therefore, the positivity of |V - e, (u,_,)| stated in Assumption 2.29 is automat-
ically satisfied under the positivity of h.

Here, we will show another formulation equivalent to (4.5)—(4.6). The fol-
lowing lemma shows that (4.6) provides an expression for X in terms of T, _,.

Lemma 4.1. Let m > 1 be an integer, x € R, and assume that C,, €
H™(0,T). Then, there exists a unique solution x € H™*2(0,T) to

. 1
{mx = —k(X ~ Xog) + 5P8(CE + 2hoT),
(x, %)), = (0,x}"
so that we can define a mapping G : H™(0,T) > C, — x € H™"(0,T), which
satisfies
|G (Tv) lam+1(0,t)
< C(VE(IXeq) + 1231 + (1 4+ £) (1 + [T lwimme 0,0) 1o lam o))

forany t € [0, T], where C > 0 is a constant depending only onm, k, pg, ho, and m.

Proof. The existence and uniqueness of the solution x is obvious, so that we
focus on the derivation of the estimate. Replacing x with x + x_, it is sufficient

to consider the problem

=eq’

{m& = —kx + f,

(X, %) |1y = (Ko X1
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where f = %pg(Cﬁ + 2hoCy,). Then, we see that

1d, .0 2y _ :
5 dt(m&(t) +kx(t)7) = f(t)x(1),

from which we deduce that

. t
1+ 1x0)] = (1] + ol + | 1£@)1a)
|+ VElfl200),

< CUXP] + |xeq
so that

Xm0 < CHEIXP] + |xeg]) + 1 f 1200
On the other hand, it follows from the equation directly that
1082 x 120,00 < CUBF x| 1200,0) + 10K Flrzc0,0))

fork =0,1,2,... . Using these inductively, we obtain

Xm0, < CVEUXP] + 1xeg]) + ELF 200 + |f lHmon),

which together with | gm0,y < C(1 + [Tylwimrreo.¢))1CblHm(0,t) gives the de-
sired estimate. O

It follows from the lines above that the problem presented in Section 4.1 can
be recast under the following form:

ou+ Au,0p)oxu =0 in Qr,
(4.8) U, =um on R,,
v-ou,,=6gx"-u,, on(0,7T),

where v = (0,1)T and @ is given by (4.4), with a boundary equation given by
(4.9) X=V- Uy,

Here, we emphasize that the notation for the matrix A (u, @) is the same as in
(2.19) with the matrix A(u) defined by (4.7). However, thanks to our choice of
the Lagrangian diffeomorphism @, the term 0; @ is cancelled and does not appear
in the equation. The problem is therefore a small variant of the free boundary
problem considered in Section 2.4, the difference being that the boundary condi-
tion V- u,_, = g(t) is replaced by a semi-linear and nonlocal boundary condition

V-u,, =Gt u,). Of course, (4.8)—(4.9) is equivalent to (4.5)—(4.6).
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4.3. Compatibility condition. As usual, compatibility conditions are re-
quired to have regular solutions. However, we can derive the conditions more
easily than for the problem considered in Section 2.4 because the equation does
not contain the term d;@. Denoting ux = d¥u, we get classically by induction
that uy is a polynomial expression of space derivatives of u of order at most k,
and of space and time derivatives of (0x@) ™! of order at most k — 1. Remarking
further that 8% af“(p =0 Bff) and 8,J<+1<p\l:0 = 0j,0, where 6 is the Kronecker
symbol, it follows that at t = 0, we have an expression for u‘k“ = Uk|,_, as

(4.10) uld = ¢ p(u®, opu™, ..., 0ku),

with ¢ a polynomial expression of its arguments such that the total number of
derivatives of u'™ involved in each monomial is at most k. Using the equation in
(4.6) we can express X} for k > 2 in terms of the initial data as

(41 1) &iknJrz = C2,k(£i1n1 Cin’ in! DR} C;(n) [x=07

with ¢, a polynomial expression of its arguments. The compatibility condition
is obtained by differentiating the boundary condition ¥|,_, = X with respect to t
and taking its trace at t = 0.

Definition 4.2. Let m > 1 be an integer. We say that the initial data
u = (¢, 9"")T € H™(R.) and x € R for the initial boundary value problem
(4.5)—(4.0) satisty the compatibility condition at order k if {ui;‘}gn:o and {&ij‘}ﬁﬁl
defined by (4.10)—(4.11) satisfy

~in _ ~rin
Vi lx=o = X1+

We also say that the initial data u™ and x'" satisfy the compatibility conditions up
to m—1 if they satisfy the compatibility conditions at order k fork = 0, 1,...,m—

Remark 4.3. The local existence theorem given below requires that the com-
patibility conditions are satisfied at order m — 1 with m > 2. In the case m = 2,
the compatibility conditions are

ﬁlin = &iln and - g(axCi“)|x=o = k&eq + %((Cin)z + 2h0Cin)|x=o'

4.4. Local well-posedness. We can now state the main result of this section,
which shows the local well-posedness of the wave-structure interaction problem
presented in Section 4.1.

Theorem 4.4. Let m > 2 be an integer. If the initial data (T, 0™)T €
H™(R,) and x' € R satisfy

inf (\g(ho + Cin(x)) — [9™(x)]) > 0
xeR;
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and the compatibility conditions up to order m — 1 in the sense of Definition 4.2,
then there exist T > 0 and a unique solution (C, 0, x) to (4.5)—(4.0), with (C,v) €
W (T) and x € H™*2(0,T), and @ given by (4.4).

Proof- The proof is a small variant of the proof of Theorem 2.39. We define
the phase space U of u = (T, )T by
U={u=(0)" €R?|glho+7) D] > 0}.

Then, we can readily check that all the conditions in Assumption 2.38 are satisfied
with x(u) = ¥ and v = (0,1)T. Moreover, once u" = (", 9")T € W(T) is
given so that

(4.12) {(a{(un)hozuikn fork=0,1,...,m — 1,

™ lwm Ty + U lm, T < M1,
we can check that the data u™™ and g™ (t) = G(v* - u"|,_,) for the problem

ou+ A(u,0p)oxu =0 in Qr,
uj,_, = u"(x) on Ry,
Y- up, =g"({t) on (0,T),
&:Ku‘x 09 &‘t#} :01
satisfy the compatibility conditions up to order m — 1 in the sense of Defini-
tion 2.40. We can also apply Theorem 2.39 to show the unique existence of the
solution u = (£, 7)T € W™(T}) and x € H™*1(0, T}) to this problem for some
Ti € (0, T] depending on M;. We denote by u"*! this solution u. Furthermore,
we see that u™*! satisfies (8fu”+1)\t:o = u}? fork=0,1,...,m—1and
™ lwm ) + 1™l < CLAG @S - u™ ) lamo,1))-
Here, by Lemma 4.1 we have

G- u™ ) lgmao,r) < C(My, Th).

On the other hand, we have

m+1
Gt - u™ ) Emor) < VT D IXPI+ TiG" - u ) lam o),
j=1
where we used (afg(f UM )l = giknﬂ fork =0,1,...,m. Therefore, for

any fixed My > 0 if we define M; > 0 by M; = C;(My) and choose T = T; (M))
sufficiently small, then we have

Gyt - u™,_)lamo) < Mo,
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so that u™*! satisfies (4.12) with T replaced by T;. Now, we can iterate the above
procedure to construct a sequence of approximate solutions {(C", v", x™)},, that
satisfy the uniform bounds. As in the proof of Theorem 2.39, we can prove the
convergence of these approximate solutions to the solution (G, v,x) to (4.8)—

(4.9). This solution satisfies
& = G(ZL ) u|x=0) € Hm+1(0! Tl)!

so that we have the regularity x € H™*2(0, T}). |

5. SHALLOW WATER MODEL WITH
A FLOATING BODY ON THE WATER SURFACE

We turn to analyze other examples of wave-structure interactions in which the
fluid occupies an infinite canal and a floating rigid body is placed on the water
surface. We follow the approach proposed in [Lan17] where the free surface Euler
equations are reformulated in terms of the free surface elevation and of the hor-
izontal water flux. Under this approach, the pressure exerted by the fluid on the
floating body can be viewed as the Lagrange multiplier associated with the con-
straint that, under the body, the surface of the fluid coincides with the bottom of
the body.

As shown in [Lanl7], this approach can be used also in the shallow water
approximation, replacing the free surface Euler equations by the much simpler
nonlinear shallow water equations. This is the framework that we shall consider
here, addressing three cases: the floating body is fixed, the motion of the body is
prescribed, and the body moves freely according to Newton’s laws under the ac-
tion of the gravitational force and the pressure from the air and from the water.
The case of a floating body moving only vertically and with vertical lateral walls
has been considered in [Lan17] in 1D, in [Boc20] for a 2D configuration with
radial symmetry, and with numerical computations proposed in [BEKER]. For
such configurations, the horizontal projection of the portion of the solid in con-
tact with the water is independent of time. We consider here the more complex
situation of nonvertical lateral walls: even in the case of a fixed object, determining
the portion of the solid in contact with the water is then a free boundary problem
that is difficult to handle; in the numerical study [GPSMW], for instance, the
authors use a compressible approximation of the equations in order to remove this
issue. The configuration under study here is described in Figure 5.1.

5.1. Presentation of the equations for the water. We consider the two-
dimensional water waves over a flat bottom with a floating body on the water
surface under the assumption that there are only two contact points where the
water, the air, and the body meet. These contact points at time t are denoted
by x_(t) and x. (t), which satisfy x_(t) < x;(t). Let 7(t) and E(t) be the
projections on the horizontal line of the parts where the water surface contacts
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z = Ze(t, x) z = Ze(t, Xx)

77 77 Z

E_(1) X:,(t) 1 (1) X4 (1) E; (1)

FIGURE 5.1. Waves interacting with a floating body

with the floating structure and the air, respectively, that is,

{’J(t) = (x-(1),x+(t)),
E)=FE- () UEL(L), E-(t)=(-00,x_()), E+(l) = (x+(t), ).

The corresponding water regions to 7(t) and Z(t) will be called the interior and
the exterior regions, respectively. We consider the case where overhanging waves
do not occur and suppose that the surface elevation of the water in the exterior
region is denoted by Z.(t,x) and that the underside of the floating body is pa-
rameterized by Z;(t, x), where x is the horizontal coordinate. Let h be the mean
depth of the water, so that the water depth in the interior and exterior regions are
given by

H(t,x) = ho + Z;(t, x) and H.(t,x) = hy + Z.(t,x),

respectively. We denote by V (¢, x) the vertically averaged horizontal velocity and
set Q = HV, which is the horizontal flux of the water. The restrictions of Q to the
interior and the exterior regions will be denoted by Q; and Q., respectively. Let
P;(t,x) be the pressure of the water at the underside of the floating body. This
pressure is an important unknown quantity and should be determined together
with the motion of the water. In the case where the floating body moves freely,
the body interacts with the water through the force exerted by this pressure. The
shallow water model was derived from the full water wave equations by using the

C _
assumption that 6X(J V(t,x,z)2dz) = 0,(HV?), where V(t,x,z) denotes

the horizontal componer(;t of the velocity field in the fluid, and that the pressure
P(t,x,z) can be approximated by the hydrostatic pressure, that is,

Pum — pg(z — Zc(t, X)) in E(1),

Plt.x,2) = {Bi(t,x) - pglz - Zi(t,x)) in1(t),
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where p is the density of the water, g the gravitational constant, and P,m the
atmospheric pressure (see [Lan17]). Then, the shallow water model for the water
has the form

0tZ. + 0xQ. =0 in E(t),
(5.1) Q 1 ., .

0tQe + Ox T + o8l | = 0 inE(t),
in the exterior region, while under the object we have

0t Z; +0xQ; =0 in7(t),
(5.2) | 1 _

0tQ; + 0x %1 + EgHiz = _;Hi OxP; in1(t),

with transmission conditions
(53) He = Hi, Qe = Qi, Bi = Patm on r(t),

whereI'(t) = 07(t) = 0E(t) denotes the contact points. We also need to prescribe
equations of the motion of the floating body. Such equations will be given in the
following sections according to the cases where the floating body is fixed, the
motion of the body is prescribed, or the body moves freely.

5.1.1. Basic structure of the equations. Once the equations of the motion
of the floating body are given, as we will see in the following sections, we can solve
the equations in the interior region (5.2), and the problem will be reduced to the
type considered in Section 2.5 with U = (Z.,Q.)T. We note that (5.1) can be
written in the matrix form

o:U + A(U) 05U = 0.

As was explained in Example 2.2, the eigenvalues A+ (U) of the coefhicient matrix
A(U) and the corresponding unit eigenvectors e+ (U) are given by

_ Q S —
A+ (U) = gHeiHe, e+(U)—m<i;\i(U)>'

Moreover, the unit vector py defined in Remark 2.55 is in this case given by
to = (1,007, so that the condition pg - e.(U) # 0 is automatically satisfied.
As was explained in Section 2.5, the discontinuity of 0, U at the contact points
plays an important role in determining the contact points x+. Concerning this
discontinuity condition, we have the following proposition.

Proposition 5.1. Suppose that U. = (Ze,Q)T, Uy = (Z,Q)7, P;, and x-
satisfy (5.1)=(5.3). Then, the condition 0xU. — 0xU; # 0 on I'(t) is equivalent to
OxZe— 0xZ; # 0 on T(1).
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Proof. Differentiating the boundary condition Z.(t,x.(t)) = Zi(t,x+(t))
with respect to t, we obtain

0tZe + X+ 0xZe =0t Z; + X+ 0xZ; onT(t).

By the continuity equations in the interior and the exterior regions, we have
0tZ. = —0xQ. and 0; Z; = —0xQ);, so that

X+(0xZe — 0xZ;) = 0x Qe — 0xQ; onT(t).

This gives the desired result. |
5.2. The case of a fixed floating body. In the case where the body is fixed,

we impose the condition
(54) Zy=/Zi4 on 1(t),

where Zjiq = Zjiq(x) is a given function defined on an open interval I.

5.2.1. Reformulation of the equations. We begin to solve the equations
in the interior region (5.2). It follows from (5.4) that Hi(t,x) = ho + Zjiq(x)
does not depend on t, so that the continuity equation in (5.2) yields 0xQ; = 0.
This means that Q; does not depend on X, so that we can write Q;(t,x) = gqi(t).
Plugging this into the momentum equation in (5.2), we have

a 1l ooy _lysp
‘L + Ox (Hi 2ng) = le aXBu

which is equivalent to

4i 1a7 1

Therefore, P; satisfies a simple boundary value problem

_ 1 q; .
5.5) OxP,=—p <H Ox <2H2 + gH)) in7(t),
P; = Pym onI'(t).

Notation 5.2. For a function F = F(t,x), we put [F] = F(t,x_(t)) —
F(t,x.+(1)).

Integrating the first equation in (5.5) and using the boundary condition, we
obtain

2
(5.6) QiJ T |[1‘1_1 + gHiﬂ =0,



Hyperbolic Free Boundary Problems and Applications 439

which is a solvability condition of the boundary value problem (5.5) for P;. Con-
versely, once g; and x. are given so that (5.6) holds, we can resolve (5.5) for the
pressure P; explicitly as

X dx’
x_(t) Hi(x")
11
Hi(x)? Hi(x_(t))?

Pi(t,X) = Pam p{c‘u(t)

+ Sai?( ) + (o) - HiGe- (o) .
Therefore, the equations in the interior region (5.2) are reduced to a scalar ordi-
nary differential equation (5.0).

We turn to reformulate the equations in the exterior region (5.1). As in Sec-
tion 2.5, we will use a coordinate transformation to reduce the equations on the
unknown region Z(t) to those on a fixed region Z. Let x'" and x be the ini-
tial contact points at time t = 0 such that x < xi and set £_ = (—o0,x™"),
E, =(x",0),and £ = Z£_ U Z,. We use a diffeomorphism @ (t,-) : £ — E(t)
andset o = Zeo @, he = Hoo @, gc = Q.o @, and C; = Z; o . Such a
diffeomorphism @ can be constructed as in (2.48), that is,

X+ Y (X ;XB) (x_(t) —x") forx €E_,
(5.7) p(t,x) =

X+ (X ;ﬁ“) (x4 (t) —x) forx €E,,

with an appropriate choice of € = &y and a cut-off function ¢ € Cg’ (R) satisfying
W(x) =1 for |x| < 1. As before, we will use the notation d5 and Bép which were
defined by (2.17). Now, the problem under consideration is reduced to

aépge"‘a)(?Qe:O inz,
2
(58) aEPQC + 2% a;?Qe + (ghe - %) D?Cc =0 in Z,
Ce = Ci, de = qi on 8£,

with the interior value g; of the horizontal water flux given by

. 1 1 g7
(5.9) ai = _J T |[§H_12 + gHiﬂ :
1(t) Hi

We impose the initial conditions of the form

(5.10) {(Cmqem_o = (T, qi™) inZ,

_ 4-in . _ 4in
Xxlig =Xey  dijy = dj -



440 TATSUO IGUCHI ¢ DAVID LANNES

5.2.2. Local well-posedness. The equations in (5.8) can be written in the
matrix form
o u+ A(u)o¥u =0,

where u = (L., qe) T, so that (5.8)—(5.10) is almost the same type as the problem
(2.66)—(2.67) considered in Section 2.5.4. Therefore, the compatibility condi-
tions for (5.8)—(5.10) can be defined in the same way as Definition 2.56 in Section
2.5.5. Here, we calculate x| = (9;x+)),_, in terms of the initial data. Differen-
tiating the boundary condition . = T; with respect to t, we have 0;C. = 0;C; on
0Z, which is equivalent to 6? Cot+ X+ 08 C, = 6? Ci+ X+ 0¥ C; on OF. By using
6?@ = —0¥q. and 98] C; = 0, we see that (0¥ C. — 0¥ C;)X+ = 0x q. on OE.
Therefore, we obtain

. axqin )
5.11 x0 = .
( ) =1 (ax gén — 0xZid loz.

In view of this and the consideration in Section 5.1.1, we impose the following
assumption on the data.

Assumption 5.3. The data (C,q™"), x'*, and Zyq satisfy the following condi-
tions:

) x_ <x,.

(i) infyer, (Mo + Zida(x)) > 0, infyez (ho + T (x)) > 0.

(iii) infyez (\g(ho + Tin(x)) — [ (x) 1/ (ho + TP (x))) > 0.

(iv) (g(ho+Cir) — lgi/ (ho + Ti") — xI211) 1, > 0.

(V) (0xZiiq — axCén)\ag #0.

We can now state one of our main results in this section, which shows the
well-posedness of the shallow water model with a fixed floating structure on the
water surface.

Theorem 5.4. Ler m = 2 be an integer and Iy an open interval. If the ini-
tial data (CP,q®) € H™(E), x € It, " € R, and Zyg € W™ (I;) satisfy
the conditions in Assumption 5.3, where x| is defined by (5.11), and the com-
patibility conditions up to order m — 1, then there exist T > 0 and a unique so-
lution (Ce,qe, X+, a;) to (5.8)—(5.10) with @ given by (5.7) in the class Ce,q. €
ﬂ;n:f)l CI([0,TI; H™JI(E)), x+ € H™(0,T), and q; € H™1(0, T).

Proof. Given qi € W™*(0,T), (5.8) forms in each of the exterior regions
E_ and Z, the same-type problem as that considered in Section 2.5, so that we
can apply Theorem 2.44 to show the existence of the solution (L, qe, X+) to
(5.8) under the initial conditions in (5.10) satisfying x. € H™(0,T;) for some
T; € (0, T]. Conversely, given x+ € H™ (0, T), we can easily show the existence
of the solution g; € H™*1(0, T1) to (5.9) under the initial condition in (5.10) for
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some T; € (0, T]. Iterating this procedure as in the proof of Theorem 2.54, we
can construct a sequence of approximate solutions, which converges to the desired
solution. |

5.3. The case of a floating body with a prescribed motion. Since the float-
ing body is allowed only to a solid motion, its motion is completely determined
by (x¢(t),z¢(t)), the coordinates of the center of mass, and 0(t) the rotational
angle of the body. Without loss of generality, we have 6|, = 0. Suppose that
the underside of the floating body is initially parameterized by Zjiq(x) on an open
interval Iy, that is, Zj|,_, = Zjiq. Consider a point of the underside of the body,
and denote the coordinates of the pointat t = 0 by (X, Z). Let the coordinates of
the point at time t be (x, z). Then, it holds that

Z=7uX), z=Zt,x)),

and that
X —xg(t))  [cosO(t) —sinO(t)) (X — xc(0)
z—2zg(t) ] ~ \sinO(t) cosO(t) Z—-2z5(0) )"
Therefore, we obtain

(5.12) (Zi(t,x) —zg(t)) cos O(t) — (x — x¢ (1)) sin O(F) + z5(0)
= Zjid((x — x6(t)) cos (1) + (Zi(t,x) — 2z (t)) sin O(t) + x(0)).

This is the equation for the motion of the body and gives an expression of Z;
implicitly in terms of x¢, z¢, 0, and Zj4.

5.3.1. Reformulation of the equations. Proceeding as in Section 5.2.1, it
is possible to reformulate the equations in compact form. Because of the vari-
ous degrees of freedom of the solid, the computations are a bit technical and are
postponed to Appendix A. It is shown there that the surface elevation and the
horizontal water flux in the interior region are given by

Zi(t,x) = Ynd(x — x¢(1),0(1)) + z¢ (1),

Qilt,x) = (‘if((tt))) Tl (£, %)) + D),

for some smooth enough function Y4 and some function §;(t) of t solving an
ODE of the form

atq_i = F(q_i;xG,ZGsQ,UG;wyatUG;atw;xﬂer)

with F in the class W™ under the assumption Zjg € W™ (If). As in the
previous section, we use the same diffeomorphism @(t,-) : £ — E(t) defined
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by (5.7) to transform the equations in the exterior region (5.1) and set §e = Z.o @,
he=Heo®,gde = Qeo®, Gi = Zio @, and qg; = Q; o . Now, the problem under
consideration is reduced to

a;pCe'i'a)qcDQe:O inz,
a a:
(5.13) a?’qﬁzh—e 0y q. + <ghc—h—;> ¥C.=0 inZ,
Ce = Ci; de = qi on 8£,
and
(514) atél = F(q_i;xG,ZG; QJUG! w! atUG,atw;xﬂx+)-

We also impose the initial conditions of the form

(5.15) <{(ge’qe)lro = (M ad) inE,

_ 4in F _ =in
Xilog = Xy dijy_y = 49 -

5.3.2. Local well-posedness. (5.13)—(5.15) is again almost the same type
as the problem (2.66)—(2.67) considered in Section 2.5.4. Therefore, the com-
patibility conditions for (5.13)—(5.15) can be defined in the same way as Def-
inition 2.56 in Section 2.5.5. Here, we calculate &2{‘,1 = (0tx+)|,_, In terms
of the initial data. Differentiating with respect to t the boundary condition
Zo(t,x+(t)) = Zi(t,x+(t)), and using the equation 0;Z. + 0xQ. = 0, we ob-
tain

(OxZe = 0xZi) 3y, Ot Xx = (0xQe + 0t Zi) |5,

so that

. 7% + 0xqi )
5.16 xP = z=—=—7— ,
( ) ==l (aXCé“ = 0xZlid ) y_y

where Zl”i = (0tZi)),_, is given by

in in i (Zia(x) -z —0x Z1id(X)
Zi,l(x):( 4w (—héxx—ng)) < lldX)

with (xiG“,Zi(?, i(?, w™) = (x¢, 26, Ug, w)),_,- Here, we used (A.3). We can now
state one of our main results in this section, which shows the well-posedness of
the shallow water model with a floating body on the water surface whose motion

is prescribed.
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Theorem 5.5. Letr m = 2 be an integer and It an open interval. If the data
(Cin, @i") e HM(E), X" €I}, G" € R, Zjig € W™ (Iy), and x¢,zc,0 € H™*2(0,T)
satisfy the conditions in Assumption 5.3, where &i;’l is defined by (5.106), and the
compatibility conditions up to order m — 1, then there exist Ty € (0,T] and a
unique solution (Ce, qe, X+, ;) to (5.13)—(5.15) with @ given by (5.7) in the class
Ce,de € N5 C10, Ty HMI(E)), x. € H™(0,Th), and & € H™*1(0,Ty).

5.4. The case of a freely floating body. Finally, we consider the case where
the floating body moves freely according to Newton’s laws under the action of the
gravitational force and the pressure from the air and from the water. Let m and ig
be the mass and the inertia coefficient of the body. Then, Newton’s laws for the
conservation of linear and angular momentum have the form

md, UG = —mge; + L(t) (P, — Pa)Nid,

(5.17)

i drew = —j (P, — Pum)té - Nig,
1(t)

which together with (5.12) constitute the equations of motion for the floating

body.

5.4.1. Reformulation of the equations. Proceeding as in Section 5.2.1 and
Section 5.3.1, and with the same notation, the problem under consideration can
be reduced to

a;pCe'i'a)qcDQe:O inz,
q a2
(5.18) za;”qe+2h—e oY qe + <g —ﬁ> ¥C.=0 inkE,
Ce = gi; de = qi on ai;

and with W = (g, x¢, z¢, 0, Ug, w) solving an ordinary differential equation of
the form
atW = F(W!x*!xwL)

with F in the class W™ under the assumption Zjg € W™ (I¢) (see (B.1)—(B.2)
for more precision). The details of this technical reduction, which takes advantage
of the so-called added mass effect, are postponed to Appendix B. We also impose
the initial conditions of the form

(Ce,qe)ltzo = (Cén,q;") in i,
Xely = X5, i, =43
(x6,26,0,Ug, w)|,_,

in

= (Xglyzgllol G!wln)'

(5.19)
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5.4.2. Local well-posedness. Therefore, (5.18)—(5.19) is again almost the
same type as the problem (2.66)—(2.67) considered in Section 2.5.4, so that the
compatibility conditions for (5.18)—(5.19) can be defined in the same way as in
Definition 2.56 in Section 2.5.5. Moreover, x| = (3;x4),_, can be given by
(5.16). We can now state one of our main results in this section, which shows the
well-posedness of the shallow water model with a freely floating body on the water
surface.

Theorem 5.6. Ler m = 2 be an integer and Iy an open interval. If the data
(Cin,qi") € H™(E), X't € Iy, (q", x&, 28, U, w™) € RS, and Zig € W™ (Ir)
satisfy the conditions in Assumption 5.3, where &i;’l is defined by (5.106), and the
compatibility conditions up to order m — 1, then there exist T > 0 and a unique
solution (Ce, e, X+, di, X6, 2G,0) to (5.18)—(5.19) with @ given by (5.7) in the
class Ce,qe € ﬂ;r:ol C/([0,T;H™J(E)), x. € H™(0,T), g € H™(0,T),
and x¢,2¢,0 € H™+2(0,T).

6. SEVERAL EXAMPLES OF TRANSMISSION PROBLEMS

We present here several applications of the results proved in Section 3 on transmis-
sion problems. The first one, in Section 6.1, is a transmission problem with a fixed
interface: it corresponds to a conservation law with a flux which is discontinuous
across the interface. A typical example of application is given by the propagation
of shallow water waves over a step-like discontinuous topography. The second
application, in Section 6.2, is a very classical free boundary transmission problem:
we show how the issue of the stability of one-dimensional shocks for 2 x 2 con-
servations laws falls in the general framework of Section 3.4. This provides an
elementary proof of these results, with an improved regularity threshold. The case
of classical (Lax) shock is considered in Section 6.2.1, while nonclassical, under-
compressive, shocks are dealt with in Section 6.2.2.

6.1. Systems of conservation laws with discontinuous flux. Let us consider
here a system of two conservation laws, with a flux depending on the position. For

instance, let us consider a flux f on R, and f on R, that is,

(6.1) {at” +0xf(u) =0 in(0,T) xR,

Oru + O0xf(u) =0 in (0,T) X R4,

where f : U — R? and f : U — R? are smooth mappings defined on open
subsets U and ‘U of R2. In addition, p transmission conditions are given at x = 0
(p =1,2, 3))

Ny (Buy,_,, = Ny (Duy,_, = g(t),

where N,lg and N, are p X 2 matrices.



Hyperbolic Free Boundary Problems and Applications 445

Remark 6.1. A natural condition is to impose the continuity of the fluxes

at the interface, f(u'|,_,) = f(u'|,_,), which is a nonlinear transmission condi-
tion. One can in general use a nonlinear change of variables as in Section 2.2 or
Section 6.2 to reduce to the case of a linear transmission condition.

Denoting A(u) = f'(u) and A(u) = f’(u), and using the same notation as
in Section 3.2, the system takes the form (3.5), namely,

Jgu+A(m)oyu=0 inQr,
u),_, =u"(x) on R,
Np(t)u‘xzo = g(t) on (0, T)i

and Theorem 3.12 can therefore be applied.
Example 6.2 (Shallow water equations with a discontinuous topography).

Let us consider the shallow water equations with a depth at rest hy for x < 0 and
ho for x > 0.

ho

7

7,

FIGURE 6.1. Shallow water with a discontinuous topography

The configuration under study here is described in Figure 6.1. This is a par-
ticular example of (6.1) with

T
- 1 -
f(C’EI) = (QJ q2 + Eg(ho + C)2> y

flo+§

T
1 1
f(C’EI) = (QJ hO n qu + Eg(ho + C)2> .

If

~ = 1
Ae(ul) = \g(ho + T = —2 0,

>
ho +C!

. ; ar
?\i(u)=\/g(ho+C)iho+Cr > 0.

Then, one has p = 2 in Assumption 3.11, and two transmission conditions are
needed; they are naturally given by the continuity of the surface elevation € and
of the horizontal water flux g, that is,

1 _ T
Ulsg = Uy
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In order to apply Theorem 3.12, we need to check the invertibility of the Lopatin-
skii matrix (third point in Assumption 3.11), which is given here by

Lu,.,) = (—&- () e (u,))

where €_(u) denotes a unit eigenvector associated with the eigenvalue —A_ (1)

of A(u) and e, (1) a unit eigenvector associated with the eigenvalue A, (u) of
A(u). By using the expression for the eigenvectors provided in Example 2.2,

the invertibility of the Lopatinskii matrix reduces to the condition |A_ (ul|X:0) +
As(u,_,)| > 0, which is always satisfied. One can therefore apply Theorem 3.12.

|X=0

6.2. Stability of one-dimensional shocks. Let us consider again a system of
two conservation laws

(6.2) Ot fo(U) + 0x.f(U) =0,

where fo, f : U — R? are smooth mappings defined on an open set U in R? and
a 2 x 2 matrix fi(U) is assumed to be invertible. The problem of showing the
stability of shocks for (6.2) consists in finding a curve x : [0, T] — R and U such
that U is C! and solve (6.2) on

{(t,x) e (0, T) xR | x <x(t)}
and
{(t,x) € (0,T) xR [ x>x(1)},

and satisfy the Rankine-Hugoniot condition
X(foUlsieo) = SoWhs-0)) = F Wiegrno) = F W0
This condition can be split into a nonlinear transmission condition
(Uloxtr-0s Ulvexino) = 0
with @ (!, u’) = [f () — )] [fou) ~ fo(uh]*
and the evolution equation X = X(U},_,)_o» Ulx_c()10) With

Sfour) — fo(uh)
| fo(ur) — fo(uh) |2’

Denoting A(U) = ( foU)) L f'(U), we are therefore led to consider the trans-
mission problem

(6.3) x,uh) = [f) - fuhl-

o0U+AU)0xU=0 in (—o0,x(t)), fort € (0,T),
o0U+AU)0xU =0 in (x(t),+), fort € (0,T),
U,, =u"(x) on R,

cI>(U|X:£m_o, U‘x=g(t>+0) =0 on(0,7).
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As for (3.12), we use the diffeomorphism (3.13) to recast this transmission prob-
lem as an initial boundary value problem

Jou+ . A(u,0p)o,u=0 inQr,
(6.4) u,_, =un on R,
®(u,_,) =0 on (0,T),

with x given by the resolution of
(65) & = X(u‘XZO); &(0) = 0,

where x is given by (6.3).

There are several kinds of shock. The most famous ones are the so-called Lax
shocks which move at a supersonic speed; more precisely, the number of positive
eigenvalues for A(u, ) in (6.4) is equal to one, and one boundary condition
is needed; it is provided by the condition ®(u|,_;) = 0 in (6.4). There are also
undercompressive shocks that travel at a subsonic speed. The number of posi-
tive eigenvalues for A(u,0¢) in (6.4) is then equal to two, and zwo boundary
conditions are therefore necessary. One needs therefore an additional boundary
condition to the condition ®(u,_,) = 0 that comes from the Rankine-Hugoniot
condition. Also, using the result for N X N systems presented in Appendix C,
systems of more than two conservation laws could be considered.

6.2.1. The stability of Lax shocks. As said above, for Lax shocks, the num-
ber of positive eigenvalues for A(u, d¢) in (6.4) is equal to one; this corresponds
to p = 1 and condition (b) or (c) in Assumption 3.17. The Kreiss-Lopatinskii
condition in the third point of Assumption 3.17 is therefore scalar, so that the
condition can be written explicitly in the assumption below for right-going and
left-going Lax shocks where, for all function g defined on U, we use the notation

[g] = g(u") — g(uh).

Assumption 6.3. Let U and ‘U be open sets in R?, and set U = UxU rep-
resenting a phase space of W. Let U; ¢ U and U; C U be also open sets, and set
Uy = Uy X ‘U representing a phase space of w,_,. The following conditions hold:

(i) A(u) = diag(—Au),A(u")) € C*MU) and ®,x € C*U)).

(ii) Foranyu = (ul, unT e U, the matrix A(ubr) has eigenvalues A . (ubr) and
—A_ (uh) with AL (uht) > 0. Moreover, one of the following conditions for
allu = (ul,u")T € Uy holds:

(a) Right-going Lax shock

{/\i(ul) FTx(m) >0 and A.(u") —x(u) <0,
|(fo(uhe—(uh)) - [fol*] > 0.
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(b) Lefi-going Lax shock

{A_(ul) +x) <0 and Ar(u") Fx(u) >0,
[(fo(uDes (un)) - [fo[*] > 0.

(i) There exists a C®-mapping © : U — R* such that it defines a diffeomorphism
Sfrom U onto its image and, for any u = (ul, un)t e Uy, we have

O) = (®(u), x(m),u"’.

Remark 6.4. Up to shrinking U and U, the third point is always satisfied.
Indeed, as noted in [Mét01], this follows from the local inversion theorem since
0’ (u) is invertible at any point u satisfying ®(u) = 0. To check this point, it
is enough to prove that the partial derivative of the mapping u — (®(u), x(u))
with respect to u! is invertible. Denoting by W (u) a 2 X 2 matrix defined by

1

T
,WF : [[fo]]) ,

W(u)F = <F- Lfo]*

this partial derivative is given by the linear mapping

il = (dg W) [ DT - W) f (uh)ai!
= X () (d W @[ [fo] - W) fo(uh)A@)ul;

by observing by differentiating the identity W (w)[fo] = (0, 1)T that
daW @[] [fo] = W) fo(uhi,
the partial derivative can be written as
il = W) fo(uh) (x(w) 1d —Auh),

which is invertible by the second point of Assumption 3.17.
We can now state the following stability result for Lax shocks.

Theorem 6.5. Lerm = 2 be an integer. Suppose that Assumption 6.3 is satisfied.
Ifu® € H™(R.) takes its values in Ko x Ko with Koy c Uy and Ky € Uy
compact and convex sets, if’ u"(0) € Uy, and if it satisfies the compatibility conditions
at order m — 1, then there exists T > 0 and a unique solution (0,x) to (6.4)—
(6.5) withu € W™(T) and x € H™"(0,T), and @ given by (3.13). Moreover,
u_, € H™(0,T).
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Remark 6.6. The stability of multi-dimensional shocks was proved by Ma-
jda in [Maj83a, Maj83b, Maj12], with improvements by Métivier [Mét01], and
independently by Blokhin [Blo81]. In space dimension one, this result shows the
stability in W™ (T) for m > 3 provided that the data is in H™*1/2(R,). Our
proof, which takes advantage of the specificities of the one-dimensional case, is
much more elementary and provides an improvement of these classical results
since we only need m > 2 (and therefore one compatibility condition less) with
data in H™(R,) (and therefore no loss of regularity).

Proof- There are two steps in the proof. We first transform the problem (6.4)
into an initial boundary value problem with a /inear boundary condition, and
we then prove that Assumption 3.17 is satisfied so that we can conclude with
Theorem 3.19. Using the third point of Assumption 6.3, it is equivalent to solve
the initial boundary value problem satisfied by v = ®(u), namely,

v+ A% (v,00) 0xv =0 inQr,
(6.6) Vi, =V on R,
e -v,,=0 on (0, T),

with x given by the resolution of

where (ef, eg, eg, eZ) denotes the canonical basis of R and
A (v,09) = (dy® 1 (v)) LAO 1 (v),09) (dyO 1 (V)).

In particular, the eigenvalues of A*(v,0p) are the same as those of A(u, o),
and if E is an eigenvector of A(u, dg), then the corresponding eigenvector of
A*(v,0@) is E¥ = @ (u)E. By the second point of Assumption 6.3, the system
(6.6) therefore satisfies condition (b) or (c) in Assumption 3.17, and the Lopatin-
skii matrix reduces to a scalar denoted L* (v, _,),

L¥(vi,.,) = ef - Ef (vi,,),

where EZy (V) is the eigenvector of A*(v,0) associated with its unique pos-

itive eigenvalue. From the discussion above, one has Efw(V) = O (0)Eyy (0),
where E,y(0) is the eigenvector associated with the unique positive eigenvalue of

A(u, o). We have therefore

L¥(v) = 0’ () ef - Egye (),
= Vu®(u) - Eg(u).
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Let us assume for instance that the first condition holds in the second point of
Assumption 6.3 (the adaptation if the second condition holds is straightforward).

One then has |
Eout(u) = <e_ E)u ))

(where as usual e_ (u!) is the eigenvector associated with the eigenvalue —A_ (u!)
of A(u')) and, with computations similar to those performed in Remark 6.4, we
obtain

L*(v) = [fo]* - fouh)(x(w)Id —A(u'))e_ (u')
= (x(w) + A_ W) [fo]* - fouhe_ (ub);

the second point of the assumption implies that this quantity is nonzero, and we
can therefore conclude with Theorem 3.19. O

6.2.2. The stability of undercompressive shocks. In some applications, one
can encounter shock waves that violate Lax’s conditions. This is, for instance, the
case for magnetohydrodynamics, or phase transitions in elastodynamics, or van
der Waals fluids. In the particular case of undercompressive shocks, Lax’s conditions
are violated but condition (a) is satisfied in Assumption 3.17. This means that
p = 2 (the number of positive eigenvalues for A(u, d¢) in (6.4) is equal to two),
and therefore that the system of equations (6.4)—(6.5) is now underdeterminated.
An additional boundary condition is therefore necessary.

This additional condition requires some additional modeling and depends on
the context: it often comes from considerations based on the theory of viscosity-
capillarity (see, e.g., [Sle83, Tru94] for isothermal phase transitions or [AK91] for
elastic rods). If such an additional boundary condition is provided and if it satisfies
an appropriate stability condition as in Section 3.4, then the undercompressive
shocks are stable. This extension of Majda’s work on Lax’s shock was proposed in
[Fre98], and studied in [CC99] in the one-dimensional case. The extension to
several dimensions was performed in [BG98] (derivation of the Kreiss-Lopatinskii
condition), [BG99] (linear estimates), and [Cou03] (nonlinear estimates). We
show here that the framework developed in Section 3.4 can be used to improve
these results for the stability of one-dimensional undercompressive shocks.

We shall consider here a general framework where the additional boundary
conditions we use to complement (6.4)—(6.5) is of the form

(6.7) Y(u,_) =0,

where ¥ is a smooth function satisfying the assumption below. Note in particular
that for undercompressive shocks, the Lopatinskii matrix in the third point of
Assumption 3.17 is a 2 X 2 matrix; its invertibility corresponds to the condition
stated in the second point of the assumption below.
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Assumption 6.7. Let U and U be open sets in R?, and set U = U x U rep-
resenting a phase space of w. Ler Uy C ‘U and Uy C ‘U be also open sets, and set
U =U; x U representing a phase space of W|,_,. The following conditions hold:

(i) A(u) = diag(-Au), A(u")) € C*U) and ®,¥, x € C*U).
(ii) Foranyu = (ul, unT e U, the matrix A(ub) has eigenvalues A, (ubr) and

—A_(ubt) with AL (ub) > 0. Moreover, for any u = (uh, unT € U; the
Jollowing conditions hold:

A(uh) Fx(w) >0 and As(u) Fx(u) >0

and the Lopatinskii matrix

(x(w) +A_(uh) —(x(u) — Ay (u"))
X (fouhe-(uh) - [fol*  x (fouDes(u")) - [fol*
VY -e (ul) VurV - ey (uh)

is invertible.
(iii) 7here exists a C*®-mapping © : U — R* such that it defines a diffeomorphism
from U onto its image, and for allu = (u!,u")" € Uy, we have

O) = (®(u),¥(u), o)’

with a mapping 0 : U — R2.

Remark 6.8. Up to shrinking U and U, the third point is always satisfied.
Indeed, the second point of the assumption shows that dy (®,¥) has rank 2, so
thatu — (®(u), ¥(u)) can be completed to form a local diffeomorphism.

An easy adaptation of the proof of Theorem 6.5 yields the following sta-
bility result for undercompressive shocks. The same improvements as those de-
scribed in Remark 6.6 hold with respect the result obtained by considering the
one-dimensional case in [Cou03].

Theorem 6.9. Let m = 2 be an integer. Suppose that Assumption 6.7 is satisfied.
Ifu® € H™(R.) takes its values in Ko x Ko with Ko c Uy and Ky C Uy
compact and convex sefs, i, uin(0) € Uy, and if it satisfies the compatibility conditions
at order m — 1, then there exists T > 0 and a unique solution (1, x) to (6.4)—(6.5)
complemented by (6.7), withu € W(T) and x € H™1(0,T), and @ given by
(3.13). Moreover, u|,_, € H™(0,T).

APPENDIX A. REFORMULATION OF THE EQUATIONS OF MOTION
IN THE CASE OF AN OBJECT WITH PRESCRIBED MOTION

We will begin to show that (5.12) determines Z;(t,x) under the assumptions
that the center of mass is close to its initial position, that the rotational angle
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is small, and that Zjy € W™ (I;). By extending Zijiq outside of the interval I
appropriately, we can assume that Zjjg € W™ (R). Then, we have the following
lemma.

Lemma A.1. Let m = 1 be an integer and suppose Ziig € C' n W™ (R).
There exist 0y € (0,1/2) and Yiq € C' N Wlﬁ‘w([R X [=00,00]) such that as long
as |0(t)| < 0y, we can solve (5.12) for Zi(t, x) uniquely in the form

(A1) Zi(t,x) = Yiia(x = x6 (1), 0(1)) + z6 ().
Proof: We consider an auxiliary function

Y(z,x,0) =zcosO —xsin0 + z;(0)
— Ziig(x cos0 + zsin 0 + x¢(0)),

which belongs to the class C! N WIZZ’M([R3). For 0@ € (—11/2,70/2), we see that

0,¥(z,x,0) =cos0 — (0xZjiq) (x cos O + zsin 0 + x;(0)) sin O
> (1 — [|0x Ziidllz~(w) tan [0]) cos 0.

In view of this, we take 8¢ € (0, 71/2) such that ||0x Zjiq|lz~ () tan 6 < 1. Then, it
holds that 0,¥(z,x,0) > 0 as long as |0| < 0. Therefore, the implicit function
theorem gives the desired result. O

We proceed to solve the equations in the interior region (5.2). Let Nj be a
normal vector on the underside of the floating body and r¢ (t, x) a position vector
of the point on the underside of the body relative to the center of mass, that is,

Nit, x) = (‘a"zil(t’X))’ £t x) = <z- ()tc ;ffi)(t))'

Here, we have 0xrz = Ni. Denoting

Te)=(1,_ 1],
2|1'G|
we have
_N;
(A.2) 0 T(rg) = (ré _ M)'

Let Ug(t) = (ue(t), we ()" and w(t) be the velocity of the center of mass and
the angular velocity of the body, respectively, that is, ug = 9;x¢, W = 0:1z¢, and
w = —0; 6. Differentiating (5.12) with respect to t and x, we see that

(A.3) 0tZi = (Ug — wrg) - Ny = —0x ((gf) 'T(rG)> ,



Hyperbolic Free Boundary Problems and Applications 453
which together with the continuity equation in (5.2) yields that there exists a
function g;(t) of t such that

(A4) Qilt.x) = (‘if((tt))) Tl (£, %)) + (D).

Plugging this into the momentum equation in (5.2), we see that P; satisfies a
simple boundary value problem

p - I 11 111 :
OxPi=——(0¢qi+F +F" +F 1(t),
(A.5) { A )
P; = Pym onTI'(t),
where
(1 B Qi(t,x)* 1
F (tix) - aX ( Hl(t,x) + ng1>’
Ve x) (%}iffff) (L, ),
FUI(t,x) = (‘if((tt))) 3, T(rg (£, ).
In view of
0 T(x6(L,x)) = Mg (£,x), Nia(t, x)) (Iif((tt))) ,
where
ex Nig 0 —1¢ * Nid
M (rg(t,x), Njia(t,x)) = 1 0 0
—15 - Niig 0 — (e - 1) (rg - Niiq)

with ey = (1,0)T and e, = (0, 1)T, we can rewrite F! and F1 as
( . 1 _ (U T(rg)
[_ =2 1 (Yc) . G
F=a a"(Hi>+2q‘(w> a"( H; )
Ug T(rg) ® T(rg) Ug 1 2
(5o (P2 ()

Fl' = (atUG> -T(rg), F!= (UG) - M (16, Niia) (?5)

0w w

A

Notation A.2. For a function F = F(t, x), we set

1 F

[ 1 )y H;
1(t) H;j

(F) = and F* =F — (F).
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We see easily that the boundary value problem (A.5) for P; is solvable if and
only if g; satisfies

Ordi = —((F') + (F™) + (FI))
:_g<@<éﬁ>—2¢<%ﬁ-<%<Tg?>>
- (U)o (Rt Tleed)) (V) - Jatontarn
_<%%ﬁ-ﬂumr—CE>%M&aMw>cf)

Thanks to Lemma A.1, this can be written in the form

ato_li = F(q_iixG’ZG’Q’UGiw’atUGiatwix—ix+)

with F in the class W™ under the assumption Zjg € W™ (If). As in the
previous section, we use the same diffeomorphism @(t,-) : £ — E(t) defined
by (5.7) to transform the equations in exterior region (5.1) and set L. = Z o @,
he=H.o@,qd.= Q.o @, C;=Zo@,and q; = Q; o . We remind the reader
here that Z; and Q; are given by (A.1) and (A.4), respectively. Now, as claimed in
Section 5.3.1, the problem under consideration is reduced to

a;pge+a)q€uQe:0 ini,

2

8?”qe+2% 0% qe + <ghe—%> 0C.=0 inZ,

Ce = gi; de = 4i on ai,

and
0:Gi = — ((F1y + (FI) + (FI)).

APPENDIX B. REFORMULATION OF THE EQUATIONS OF MOTION
IN THE CASE OF A FREELY FLOATING OBJECT

As before, we can solve the equations in the interior region (5.2). Because of
Lemma A.1, we can express Z; in terms of X, zg, 6, and Zjq as (A.1). By the
continuity equation in (5.2), there exists a function g;(t) of t such that Q; is
expressed as (A.4). Then, by the momentum equation in (5.2), the pressure P;
satisfies the boundary value problem (A.5), whose solvability is guaranteed by
(5.14). Then, P; satisfies

%&=—§uﬂﬁ+w%*+wmﬁx
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On the other hand, by using (A.2) and integration by parts we can rewrite (5.17)

as
mlIdyx, 0 _ [—mge;
< 0 ‘0) at( ) - < 0 ) ' L(n(a’c&)(T(m))*’

where we used the boundary condition P; = P,y on I'(t). Eliminating the pres-
sure P; from these two equations, we have

<m Idez 0) ) <Ug)
0 t

_ [ ~mgez) Iy % 11y % s (L)) ™
—( § ) p [, (" iy iy CEE

Here, we see that

J (i (Te))” :J (T(re))* ® (T(re))* (UG)
1) 1(0) ' ’

Hi Hi w
so that
(Mo + M, (Hi 1)) 3y (‘fj) -
_ [ Tmeez) Iy * i+ (T(rg))™*
_< 0 ) pL(t)((F) EDD H, ’
where

_ (mDx2 0 ' B (T(rg))* ® (T(xg))*
MO - < 0 10) y Ma(Hler) - p Jj(t) Hi y

and

() =at (o (1)) +2a (Ii)) (ax(T( <))

H;
. <UG) _ (ax (T(rc) ®T(rc) ( )+ %g(ax(Hf))*,

w

(F* = (‘if) + (M (rg, Niia))* (UG>.

w

Remark B.1. We note that the matrix M, (H;, 1) is symmetric and nonneg-
ative, so that My + M, (H;, r¢) is positive definite and invertible. Expressing the
contribution of the force FII under the form

U
M. (Hi, xg) 3t( af)
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plays therefore a stabilizing effect which corresponds to the added-mass effect
of paramount importance for the study of fluid-structure interactions (see, e.g.,

[CGNO05, GMS14]).

As before, we use the diffeomorphism @ (t,-) : £ — E(t) defined by (5.7) to
transform the equations in exterior region (5.1), and set Cc = Z.o @, he = Heo @,
e = Qeo @, G = Zio @, and q; = Q; o @. We remind the reader here that
Z; and Q; are given by (A.3) and (A.4), respectively. Now, the problem under
consideration is reduced to

0 Cc+0%qc =0 in
q q?
o ae +235 % q. + <g e W) 0%C.=0 inZ,
Ce=Ci de=a on 0E,
(B.1) d1d; = — (F") + (F™T) + (F1IT)),
U - z
B.2) at(af> =(No+ma(Hi,rG>>-l{( “I)ge)
_ I % 111 (T(I‘G))*
pj (P 4 (1) e L

APPENDIX C. THE INITIAL BOUNDARY VALUE PROBLEM FOR
N x N SYSTEMS

3.1. Variable coefficients linear N x N initial boundary value problems.
We consider here an initial boundary value problem for N x N linear hyperbolic
systems with arbitrary N > 2,

oru + A(t,x) oxu + B(t,x)u = f(t,x) inQr,
(C.1) U, = u"(x) on R,
Npy(Hu,_, = g(t) on (0,T),

where u, u™, and f are RN-valued functions, g is a R?-valued function, while A
and B take their values in the space of N X N real-valued matrices. The matrix
Ny, (t) that appears in the transmission condition is of size p X N, where p (the
number of scalar transmission conditions) depends on the sign and multiplicity of
the eigenvalues of A (see Notation C.2 below). We assume A is diagonalizable and
noncharacteristic with eigenvalues of constant multiplicity in the following sense.

Assumption C.1. There exists co > 0 such that the following assertions hold:

(i) AeWbh>(Qr), B€ L*(Qr), N, € C([0,T]).

(ii) For any (t,x) € Qr, the matrix A(t,x) is diagonalizable with p positive
and § negative eigenvalues (possibly of multiplicity greater than one),

—A_g(t,x) < - < =A_1(E,x) <Ap(t,x) <--- <Ayt X),
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and satisfying the separation property
Aei(t,x) =cp and Asp(t,x) —Asj(t,x) =co ifk>j.

(iii) 7he multiplicity m+ ; of the eigenvalues A+ j(t,x) is independent of t and
X.
We shall also need the following notation.

Notation C.2. Assume that Assumption C.1 holds. We make the following
denotations:
(i) We denote by (eil,)j(t,x), . ezy;i’j) (t,x)) an orthonormal basis of the
eigenspace corresponding to =A. ;i (t,x).
(i) We denote by Ep(t) the p X N matrix, with p = Zil m. j, formed by

all the eigenvectors eik’} (t,0) corresponding to the positive eigenvalues of

A(t,0),
_ (D) (my1) (1) (myp)
Ep(t) = (e (£,0) -+ e (1,00 y(£,0) -+ " (£,0)) -

We can now formulate the Kreiss-Lopatinskii condition associated with the
initial boundary value problem (C.1).

Assumption C.3. Assume that Assumption C.1 holds and, moreover, that
(i) Foranyt € [0,T] we have

det(N, ()N, (H)T) = co.

(ii) The p X p Lopatinskii matrix L, (t) = Ny (t)Ep(t)—wbhere E,(t) is as in
Notation C.2—is invertible and for any t € [0, T we have

_ 1
ILy (t) Ygr—pe < —.
Co

We can now state the following generalization of Theorem 2.5 to the case of
N x N systems. Here again, the compatibility conditions are not made explicit
because they can be obtained as for Definition 2.8.

Theorem C.4. Let m > 1 be an integer, T > 0, and assume Assumptions C.1
and C.3 are satisfied for some co > 0. Assume, moreover, there are constants 0 < Ko <
K such that

1
o lAll L= r), INplL=(0,1) < Ko,
lAllwiery, IBllLe@r), 1A, 0B) llwm-1(1y, INplwm=©1) < K.

Then, for any data u" € H™(R,), g € H™(0,T) and f € H™(Qr) satisfying the
compatibility conditions up to order m — 1, there exists a unique solution w € W™ (T')
to the initial boundary value problem (C.1). Moreover, the estimates provided in the
statement of Theorem 2.5 remain valid.
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Theorem C.4 is proved exactly as Theorems 2.5 and 3.5 under the following
assumption.

Assumption C.5. There exists a symmetric matrix S(t,x) € Mn(R) such that,
Jor any (t,x) € Qr, the matrix S(t,x)A(t, x) is symmetric and the following con-
ditions hold:

(i) There exist constants o, Bo > O such that for any (v,t,x) € RN x Qr, we
have

xolv|2 = vTS(t, x)v < Bolv 2.

(i) There exist constants 1, B1 > O such that for any (v,t) € RN x (0, T), we
have

vIS(t,00A(t,0)v < —o[v]? + B1IN, (D) v |2
(iii) There exists a constant By such that
10¢S + 0x (SA) — 25B|| 1212 < Bo.

The only thing to prove is therefore that Assumption C.5 is fulfilled under the
assumptions made in the statement of Theorem C.4. This is done in the following
lemma.

Lemma C.6. Let co > 0 be such that Assumptions C.1 and C.3 are satisfied.
There exist a symmetrizer S € WL (Qr) and constants &g, &1 and Bo, B1, B2 such
that Assumption C.5 is satisfied. Moreover, we have

1
o=C (—, IIA\t=o||L°°<R+>>
Co

1
¢ =<C (C—O, 1Al ap» |N,,|Lw<o,n) ,

where ¢y and ¢1 are as defined in Proposition 3.7, and we also have

B2 1
o =C (C—O, Alwie s ||B||Lm<QT)) .

Proof- Most of the proof is similar to the proof of Lemma 2.19 and Proposi-
tion 2.20, and we therefore omit the details. The only new point is to show that
it is possible to construct a symmetrizer S satisfying (ii) in Assumption C.5. We
show here how to prove this point, namely, that there exist constants &, 81 > 0
such that for any (v,t) € RN x (0, T), we have

vIS(t,00A(t,0)v < —o[v]? + B1IN, (D) v |2
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Under the assumptions made in the statement of the lemma, we can decompose
A as

A =

'Mvs\

Il
—_

+ T+, j — Z A= Tl
J

where 77+ ; denote the eigenprojectors associated with +A. j. We construct the
symmetrizer S in the form

p
= > (me i i+ MY ()T,
j=1 Jj=1

for some M > 0 large enough to be determined below. It follows that

SA = Z 7\+‘j(Tr+,j)T1T+‘j -M Z A_‘j(Tl'_,j)T‘IT_‘J'.
j=1 Jj=1

We begin to show that for v € ker Nj, (t) we have
lv* < —CvT(SA)(t,0)v.

Forany v € RV, we have

a
—vTSAv = = Y Al v+ M D AT jvl?,
J=1 J=1

so that if we decompose v as
WJ

p om. G m-
€2) v-3 z D 3 WS

j=1 k=1

=~

Ma
and because |1+ jv|? = X Icgf;-lz, we have

—vTSAv = ZA” Z IC(k)|2+MZ/\ J Z c®p2,

Jj=1 j=1
Now, if we suppose that v € ker Np, (t) we have, by (C.2),
My j —J

d (k) e (k)
PIDIRHAASIED S WA ALN
Jj=1 k=1 j=1 k=1
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. m (m
Introducing ¢, := (Cil‘)l, e Ci,f'l)’ cil)z LC, p”’ )T € R?, we can rewrite this
relation as
G m-
(k)
LpCJr = — Z Z Npe

By the invertibility assumption of the Lopatinskii matrix Ly, this yields that for
some constant C depending only on [Ny |1~ (o,7) and 1/co, one has

my

p J m-
> 2l = Z e3P,
j=1 k=1 k=

|| M&\

or equivalently,

ST

P
Smjvl? < C vl
Jj=1 Jj=1

Therefore, if we take M sufficiently large, then for any v € ker N, (t) we have
[v|> < —CvT(SA)(t,0)v.
Next, we will show that for any v € RN we have
vI(SA)(1,00v < —oq|v[* + B1INp (D)%
To this end, we use the assumption that
| det(Np (£)N, (D)) | = co.

This condition means that the p X N matrix Ny, (t) has rank p uniformly in time.
Forany v € RN, we decompose it as

v =v;+v; withvy = NI(N,N})'Nyv

Then, we have
v; € kerN,, N,v = Npv,,

so that

w12 < C(v1 % + [v21?)

< —Cv{SAv; + Clvy |2
= —Clv-1v2)TSAW — ) + Clv,|?
<-CcvTsAv + %Ivl2 + Clv, |2

Since |v2] = CIN,v|, we obtain the desired estimate. |
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3.2. Application to quasilinear N x N initial boundary value problems.
As done in Section 2.2 for 22 initial boundary value problems and in Section 3.2
for 2 x 2 transmission problems, we can use the linear estimates of Theorem C.4
to solve N X N quasilinear problems. More specifically, let us consider

oru + A(u) oxu + B(t,x)u = f(t,x) inQr,
(C3) uh:o = uin(x) on IRJr,
Np(t)u‘x:o = g(t) on (01 T)!

where u, ui" and f are RN-valued functions, and g is a RP-valued function, while
A(u) and B take their values in the space of N X N real-valued matrices and N, is a
p X N matrix, where p is the number of outgoing characteristics (i.e., the number
of positive eigenvalues of A(u) counted with their multiplicity).

Notation C.7. An N X p matrix E,(u|,_,) is formed as in Notation C.2
with the eigenvectors associated with the positive eigenvalues of A(u|,_,), and we
define the Lopatinskii matrix by L, (£,1),_,) = Np(£)Ep(u|,_,).

We also make the following assumption on the hyperbolicity of the system
and on the boundary condition.

Assumption C.8. Let U be an open set in RN representing a phase space of u
such that the following conditions hold:

(i) AeC®(U), BeL*(Qr), N, € C([0,T]).

(ii) For any w € ‘U, the matrix A(W) is diagonalizable with p positive and G

negative eigenvalues (possibly of multiplicity greater than one),

—A_g(u) <---<=A1(w) <Ay(u) <--- <App(u),
and satisfying the separation property
Asi(u) =2co and Asrp(u) —Arj(u)=co ifk>j.

Moroever, the multiplity m .. ; of the eigenvalues +A+ j(W) is independent of
u.

(iii) Foranyt € [0, T] and anyu € ‘U, the boundary matrix Ny (t)Np ()T and
the Lopatinskii matrix Ly (£, W) are invertible.

The main result is the following. The compatibility conditions mentioned in
the statement of the theorem can be obtained as for Definition 2.27. The result
can be deduced from Theorem C.4 in the same way that Theorems 2.25 and 3.12
were deduced from Theorems 2.5 and 3.5, respectively, and we therefore omit the
proof.

Theorem C.9. Let m = 2 be an integer, T > 0, and assume Assumption C.8
is satisfied. Assume, moreover, that 0B € W™~ Y(T), and N, € W™>(0,T). If
ul® € H™(R.) takes its values in a compact and convex set Ko C U, and if the
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data u®, f € H™(Qr), and g € H™(0, T) satisfy the compatibility conditions up
to order m — 1, then there exist T1 € (0, T] and a unique solution u € W™ (Ty) ro
the initial boundary value problem (C.3). Moreover, the trace of w at x = 0 belongs
to H™(0,T1), and \W|,_,|m,1, is finite.

Remark C.10.

(i) Generalizations to nonlinear boundary conditions can be derived in the
spirit of Theorem 2.25.

(ii) Generalizations to the case of a moving or free boundary can straightfor-
wardly be adapted from what we have done in the previous sections for
2 % 2 initial boundary value and transmission problems. The only reason
for this restriction to 2 X 2 configurations is that they are adapted to our
physical motivations in waves-structure interactions, and because the no-
tation in the general N x N configurations would have been quite heavy
to handle.
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