Advances in Differential Equations Volume 6, Number 6, June 2001, Pages 731-768

NONLINEAR GEOMETRICAL OPTICS FOR
OSCILLATORY WAVE TRAINS WITH A CONTINUOUS
OSCILLATORY SPECTRUM

Davib LANNES
MAB, Université Bordeaux I, 33405 Talence, France

(Submitted by: Roger Temam)

Abstract. The frequency and the direction of propagation of an oscil-
latory wave train may be read on its oscillatory spectrum. Many works
in geometrical optics allow the study of at most countable oscillatory
spectra. In these works, the number of directions of propagation is
therefore at most countable, while many physical effects would require a
continuous infinity of directions of propagation. The goal of this paper
is to make the nonlinear geometrical optics for wave trains with such a
continuous oscillatory spectrum. This requires the introduction of new
spaces, which are Wiener algebras associated to spaces of vector-valued
measures with bounded total variation. We also make qualitative studies
on the properties of wave trains with continuous oscillatory spectrum,
and on the incidence of the nonlinearity on such oscillations. We finally
suggest an application of the results of this paper to the study of both
the spontaneous and the stimulated Raman scatterings.

1. INTRODUCTION

1.1. Need for continuous oscillating spectra. Geometrical optics are
used in the study of the propagation of oscillations by semilinear hyperbolic
systems. Until now, the general frame in the modeling of the oscillations
was furnished by periodic or almost-periodic functions (see [11, 12]), whose
oscillating spectrum plays an important role in such a study.

Let u be an almost-periodic function of R” with values in C,

a(z) = Z age
BeRP
satisfying > scpp |ag| < oo. Its oscillating spectrum is given by o(a) :=
{B € RP,az # 0}, and is therefore at most countable. That is why the
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almost-periodic frame allows us only to study oscillations whose oscillat-
ing spectrum is at most countable, when various physical phenomena would
require “oscillations” whose spectrum is a continuous subset of the char-
acteristic variety associated to the problem. This is the case for instance
of many scattering effects due to parametric instabilities of electromagnetic
waves in plasmas (see [7]): Brillouin and Raman scattering, Compton scat-
tering, etc. In fact, light scattering is likely to furnish many examples which
require such “oscillations.”

In this paper, we describe two examples of conical emission, the sponta-
neous and the stimulated Raman scattering.
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1.2. Spontaneous and stimulated Raman scattering. When an inci-
dent laser beam of given frequency wjy meets a Raman-scattering medium,
one assists to the creation of scattered light (see [4, 17]); the emission is then
nearly isotropic.

The scattered light may have two frequencies, denoted by wg and wyq,
which correspond to Raman-Stokes and Raman-anti-Stokes scattering. One
has wg < wr, < wg. Normally, Stokes lines are more intense than anti-Stokes
lines, but remain quite weak. However, when the laser beam becomes very
intense, the scattering may grow very efficient and is then called stimulated
Raman-scattering. The light is then emitted in a narrow cone in the forward
and in the backward directions.

In order to explain both effects, we use the three-level Maxwell-Bloch
model. Then any beam of frequency w and wave number k& must satisfy
(w, k) € C, where C is the characteristic variety associated to this model.

Take now a scattered Stokes light beam for instance; its frequency is
wg, and it can be emitted in any direction k such that (ws,k) € C. The
set {(ws, k), (ws,k) € C} should therefore be the oscillating spectrum of
the scattered beam, and is usually a continuous (and hence not countable)
subset of C. Using almost-periodic functions to describe this phenomenon
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would give priority to a countable (though possibly dense; see [15]) number of
directions of propagation, without any physical reason. We will also see how
the amplification in the stimulated Raman effect may be seen as a nonlinear
instability. We will detail these examples at the end of this paper.

1.3. Modeling. We briefly introduce here the framework we use in our
study. This framework should allow us to take into account both discrete
and continuous spectra. Take again an almost-periodic function u of RP
with values in C,

a(zr) = Z age®®  with Z lag| < oo.

BeRD BeRD

Its Fourier transform A := F,a is a measure of bounded variation,

A=Fra= Z agog,

BERD

where dg is the Dirac delta function with mass at 3. Its oscillating spectrum
is given by o(u) = Supp A; this fact will be used to introduce continuous
oscillating spectra.

Almost-periodic functions are inverse Fourier transforms of bounded vari-
ation measures, and their oscillating spectrum is the support of this Fourier
transform. That is why we will consider the Wiener algebra of functions
whose Fourier transform is a measure of bounded variation. The support
of such measures can be either countable or continuous, thus providing a
general frame for the study of oscillations.

2. PRELIMINARIES IN VECTOR-MEASURE THEORY

2.1. Total variation. In this section and in the following, B will denote a
Banach space. A B-valued Borel measure on R” is a countably additive set
function \ defined on B(RP) (the Borel sets of R”), with values in B. To
any B-valued Borel measure A, we can associate a positive Borel measure
v(A), called the total variation of A, and defined for all Borel sets E as

v(A)(E) = sup Y [INE) | 5,
1=1

where the supremum is taken over all finite sequences {E;} of disjoint sets
in B(RP) with E; C E.

The set function X is of bounded variation if v(\)(RP) < co. We denote
by BV(RP, B) the set of all B-valued Borel measures of bounded variation
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on RP. The total variation induces a norm on the space BV(RP, B), defined
as |A|gy := v(\)(RP), for all A € BV(RP, B).
The normed vector space (BV(RP, B),| - |sy) is then a Banach space.

2.2. Integration in Banach spaces. The Bochner integral (see [8]) is usu-
ally used when integrating vector functions with respect to scalar measures.
When integrating scalar functions with respect to vector measures, a Dun-
ford integral ([3, 9]) is generally used. In this paper we have to deal with
those two cases. We even need to integrate vector functions with respect to
vector measures, and that is why we will use the general Bartle integral (see
[1]), which generalizes the Bochner and Dunford integrals. Unless otherwise
specified, the results stated in this section may be found in [1]. In this sec-
tion, By, B2 and Bs will denote three Banach spaces, and we assume that
there is a bilinear mapping (z,y) — z -y, defined on By X By with values
in Bs, such that ||z - y||g; < k|| B, ||lyl|B, for some fixed, positive number
k. The Bartle integral provides an integration of Bj-valued functions with
respect to Bo-valued measures.

Let A be an element of BV(RP, By). We first define the integration of
A-simple functions. Let f : RP — B; be a A-simple function

n
f=> wixe,
=1

where the z; are elements of B; and the E; are disjoint Borel sets of RP.
For any Borel set E of R”, we define the integral of f over E by

/Ef(z))\(dz) =Y x-AEinE).
i=1

This is an element of B3 which does not depend on the representation we
have chosen for f. This integral is extended to a broader class of functions
than the A-simple functions.

Proposition 1. f is said to be A-integrable if and only if there exists a
sequence { fn} of A-simple functions such that

- fn converges to f A-almost-everywhere,

- the sequences A\y(E) =[5 fu(2)A(dz) converges in Bs for all E €
B(RP).

The integral of f over E is then defined as

/ FENE2) = [ fa(2)Ad2).
E E
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Remark. i) If By is scalar and B; = Bs, then the Bartle integral is a
generalization of the usual Bochner integral, since if f is Bochner integrable,
it is also Bartle integrable to the same value.

ii) If By is scalar and By = Bs, then the Bartle integral also generalizes
the results of the integral defined in this framework in [3].

We now give a few results we will use in further sections. The first propo-
sition (see [8] for the proof) gives a commutativity property between the
integral and bounded linear operators, and a convenient way to compute the
total variation of vector measures defined by integrals.

Proposition 2. Suppose Bs is scalar and By = Bs. Let f be a A-integrable
function. Then

i) if T is a bounded linear operator on By to another Banach space B, then
Tf is A-integrable, and

/ TH(» / e vE € BRP);

ii) if in addition the scalar measure )\ 1 posztwe then the vector measure F
defined for all Borel sets E as F(E) := [ f(2)\(dz) is in BV(RP, By) and
one has

- / () Adz),  VE € BRP).

Thanks to the general Bartle integral (integration of vector functions with
respect to vector measures), we can easily define the product T'A of an op-
erator 17" and a vector measure.

Proposition 3. Let A belong to BV(RP, By), and T be a A-integrable func-
tion defined on RY with values in By := Lc(Ba, B3) (continuous linear op-
erators from By to Bs). Then the product TX defined as

T)\(E):/ET(z))\(dz), VE € B(RP),

is an element of BV(RP | Bs).

One cannot generalize the Lebesgue dominated convergence theorem for
the integration of vector-valued functions with respect to vector-valued mea-
sures (it is false for instance that the integrability of ||f|| implies the inte-
grability of f), but we have the following generalization of Vitali theorem.

Theorem 1 (Vitali). Let A € BV(RP, B). Let {f,} be a sequence of inte-
grable functions which are such that
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i) the sequence {f,} converges v(\)-almost-everywhere to f;
ii) given € > 0 there is a § > 0 such that E € B(RP) and v(\)(E) < §
imply

‘/Ef"(z)A(d@’ <e, n=12,....

Then we may conclude that f is A-integrable and
/ f(2)A(dz) = lim / fn(2)A(dz),
E n—ooJE

uniformly for E € B(RP).

However, when either By or Bj is scalar, the Lebesgue dominated conver-
gence theorem and its consequences remain true.

Theorem 2 (Lebesgue). If either By or By is scalar, then

i) Lebesgue’s dominated convergence theorem is valid;

ii) Lebesgue’s theorem on the continuity of functions defined by integrals
18 true.

2.3. Convolutions of vector-valued measures. Before studying con-
volutions of vector-valued measures, we have to define the product of such
measures. In this section, we still denote by B, Bo and B3 three Banach
spaces and by - a bilinear mapping with the properties stated in the above
section. Let A be in BV(RP, By) and p be in BV(RP, By). There exists an
unique measure v € BV(R?P, B3) such that for any measurable rectangle
E x F € B(RP) x B(RP), one has v(E x F) := \(E) - u(F).
Definition 1. This measure v is called the product measure of A and u, and
satisfies the following inequality:
vlgy < k[Algy|ulBy.

We denote the product measure v by A - u.

We now define the convolution of a Bi-valued measure and a Bs-valued
measure, as done in [10].
Definition 2. Let A € BVY(RP B;) and p € BV(RP By). For all E €
B(RP), let us define A * u(E) as A * u(E) := (X - p)(E2), where Ey =
{(z,y):x+y e E}
Remark. The convolution so defined depends on the bilinear mapping

(z,y) +— 2y, and in particular, if this mapping is not symmetric (respectively
associative), convolution is not a commutative (respectively associative) law.
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The following property (see [10]) is a Holder inequality with respect to
the norm | - |y, and will be used when studying Wiener algebras.

Proposition 4. For all A\ € BV(RP,B;) and p € BV(RP,By), one has
A* p € BV(RP, B3) and v(\ * p) < kv(\) * v(p), and therefore

A plgy < KXy plsy.
We now introduce the Fourier transform of bounded-variation measures.

Definition 3. Let A € BV(R”, By). Its Fourier transform F\ is the element
of C(RP | By) defined as

FAMX) = /eiX'EA(dg), for all X € RP.

Fourier transforms satisfy the following property, which is characteristic
of Wiener algebras.

Proposition 5. Let A\ and p be in BV(RP, By). One has
F\ % p) = FX-Fu,

2.4. The Radon-Nikodym property. The Radon-Nikodym property
plays an important role in this paper; this is not surprising since it is closely
linked to representation problems (it is in a sense equivalent to the Riesz
representation theorem) which naturally occur in the present study.

This property is used for instance to provide a representation of a vector
measure under the form of the integral of a vector function with respect to
a scalar measure. Such a representation proves easier to handle, especially
when estimating the total variation of vector-valued measures.

The Radon-Nikodym property is stated like this:

Definition 4 (Radon-Nikodym property). A Banach space B satisfies the
Radon-Nikodym property if for all finite positive Borel measures p on R
and all A € BV(RP, B) which are p-continuous, i.e., such that

lim A(E)=0 in B,
n(E)—0

there exists a B-valued integrable function r) such that
ANE) = / ra(z)u(dz), for all E € B(RP).
E

This property is not true in general: it fails, for instance, for cg-valued
measures. However, we need it only for Sobolev spaces H?, in which case it
is satisfied thanks to the following theorem (see [8] for instance).
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Theorem 3 (Phillips). Reflexive Banach spaces satisfy the Radon-
Nikodym property.

As a consequence of the Radon-Nikodym property, we give the following
properties.

Proposition 6. Let B be a reflexive Banach space and A € BY(RP, B); then
i) there ezists a B-valued function ry, which is v(\)-integrable and satisfies
Irall = 1 v(X)-almost-everywhere, such that

)\(E):/Em(z)v()\)(dz), VE € B(RP);

ii) when B = HS(RZ), then the Fourier transform @ with respect to the
variable y is in By := L*(R?), the L?-space with weight w(n) := (1 + |n|?)*.
The set function \ defined as :\\(E) = \(E) is in BV(RP, By) and is written

\E) = /E P (v(A)(d2).

Moreover, one has v(/):) =v(\).

Proof. i) We just have to notice that v(\) is a finite, positive Borel measure
and that X is v(\)-continuous. The Radon-Nikodym property then gives the
desired representation of A(E) since B is a reflexive Banach space.

The total variation of A is given by

v(N)(E) = /E Ina(=)[v(\)(dz),  VE € BRP),

and therefore ||ry|| = 1, v(\)-almost-everywhere.
ii) Since the Fourier transform defines a bounded operator on B to By,
we deduce from Proposition 2 that

M) = [ mEes).
One then has

o(N)(E) = /E 122 2v(A)(dz) = /E Ira(2)l=0(R)(dz) = v(A) (B).
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3. SEMILINEAR HYPERBOLIC SYSTEMS FOR OSCILLATIONS WITH
CONTINUOUS OSCILLATING SPECTRUM

We consider semilinear hyperbolic systems of the type
Lfu® + F(u®,u%) =0, uli=0 = u5(y), (1)

where L#(0,) := 8t+2?:1 A;0y,+ Lo /e, and the N x N matrices A; are sym-
metric, while Lg is skew-symmetric. F' denotes a bilinear mapping defined
on CV x CN with values in CV.

We consider the case of initial data oscillating with a possibly continuous
oscillating spectrum.

3.1. The spaces. From now on, we write x = (¢,y), where ¢ € R and
y € RY, and similarly, X = (7,Y) € R'*?. We consider Fourier transforms
with respect to y and to X. We will always denote by 1 the dual variable of
y, and by £ the dual variable of X. The letter s will always denote a positive
real number such that s > d/2.

We introduce some spaces.

Definition 5. i) The space Aj denotes the set of functions defined on Rg X
R?d with values in CV whose Fourier transform with respect to the X
variable is in BY(R; ™, H*(R{)™N).

ii) The space A7 denotes the set of functions defined on RLTd x R?d with

values in CV whose Fourier transform with respect to the X variable is in
C([0,4], BV(RE™, He(R)N)), where ¢ > 0.
The spaces A§ and Aj are equipped with the norms

”fHA(S) = ’fo’BV7 f S A87
Ifllag = sup |Fxf(t,)lsv, [ €A
B 0<t<t

Proposition 7. i) The bilinear mapping F defined on CN x CN extends

to a continuous bilinear mapping on H*(RHN x H3(RHN with values in
H3(RH)N,

ii) The normed spaces (Ag, ||-|lag) and (A7, |- | as) are complete, and there
exists a constant k > 0 (independent of t) such that
IE(f9)llag < Kllfllagllgllag, — VFig € Ag, (2)

I1Ef9lla; < Ellfllagllgllag, Vg€ AL (3)
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Proof. i) Since we have chosen s > d/2, H*(R%) is an algebra and there
exists a constant k' > 0 such that for all u,v € H*(RY), one has |Juv|s <
K'||ul|s]|v|ls- It is then straightforward to see that F is indeed continuous on
H3(RHN x H3(RH)N with values in H5(R?)N:; i.e., there exists k > 0 such
that for all u,v € H*(R%)V, one has

1 (u, 0) || s < Kllullzs o] s

ii) We can therefore use the results of Section 2.3 on product vector measures
and convolution. We will take By = By = By = H*(RY)YN and z-y := F(z,v).

For all f, g € A3, one then has Fx F(f,g)(t) = Fx f(t) * Fxg(t), and thanks
to Proposition 4,

|FxF(f,9) ()5 < k| Fx f(t)|sv|Fxg(t) sy

The desired inequality (3) is then straightforward.

We now prove that (A7, |- ||7) is complete. Let { f,,} be a Cauchy sequence
in A§. Then {Fxf,} is a Cauchy sequence in C([0,¢], BV(R'*4 H*(RY)N)),
which is complete. Therefore, there exists A € C([0, ], BV(R'*4, Hs(R4)N))
such that Fx f, — X uniformly in ¢ for the norm of the total variation. If
we define f(t,y,X) := [pi1a e XEN(t, d€), then f, — f in AF, which proves
that A7 is complete. O

3.2. Almost-periodic functions and density functions. In this section,
we give two important classes of functions which are in the spaces introduced
above. The first of them has already been discussed in the Introduction and
is the space of almost-eriodic functions; the framework defined in this paper
thus generalizes the usual frame of [11] and [12].

Definition 6. (Almost-periodic functions) A Wiener almost-periodic func-
tion with coefficients in B (where B denotes H*(R%)N or C([0,t], H*(R?)N)),
is a function defined by an absolutely convergent series

a(X) = Z ageP X, Z llagllp < oo.
ﬂ€R1+d ﬁ€R1+d

While almost-periodic functions have necessarily a countable oscillating
spectrum, this is not the case of the density functions we introduce now.

Definition 7. (Density functions) Let M be a submanifold of R'*¢ of di-
mension n and « in L'(M, B), where B denotes either H*(R%)™ or C([0,1],
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H*(RHN). A density function of support M and density « is a function f
defined as

1) = [ ea(eolac)
where o denotes the Lebesgue measure of M.
We can now formulate the following proposition.

Proposition 8. i) Almost periodic functions with coefficients in H®(R%)N
(respectively in C([0,], H*(RY)N)) belong to A§ (respectively to Af).

ii) Density functions with support a submanifold M and with density o €
LY (M, B), where B = H*(RY)N (respectively C([0,t], H*(RH)N)), belong to
A (respectively to Aj7).

Proof. Let a be an almost-periodic function with coefficients in H*(R%)"
(resp. in C([0, ], H*(RH)M)).

a= Z age® X with Z lag| < oo,

B€R1+d ﬂ€R1+d

where the norm is taken in H*(R%)" (respectively in C([0,t], H*(R?)N)).
The Fourier transform of a is thus given by Fxa = Zﬂ agdg, which is in
BY(R'F4 H3(RDN) (respectively in C([0,¢], BV(R™ H*(R)N))) and a is
therefore in Aj (respectively Af).

Let us now consider a density function f of support M and density a €
LY(M, B), where B = H*(RY)N (respectively C([0,], H*(RY)N)).

We have to prove that the set function A = Fy f defined in B(R'*%) as

A(E) = /M xE(€)a(€)o(de),

where yg is the characteristic function of the Borel set F, is in the space
BY(RY H(RHN) (resp. in C([0,t], BV(RF H(R4)N)) ). This is the
case thanks to the results of Section 2. O
Remark. i) Let f be a density function with support M and density « €
LY (M, (C(]0,T], H*(RH)N))); then one has

1Fllas = /M €) 0.1y ().

ii) An almost-periodic function can also be seen as a density function whose
support is a submanifold of dimension 0.
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Example. i) Fourier expansions of the form ", a,e™* where the Fourier

coefficients a,, belong to H*(R)N and satisfy >, |lan||ms < oo, are in A3
since they are (almost-) periodic functions.

ii) The space A{ contains Bessel expansions. We assume here that d = 2.
Let the coefficients a,, be as above, and consider now the density function f
whose support is the circle C((1,0,0);1) C R'*? defined as

1 2m ) )
f(y7 X) / e'LX-(l,cos 0,sin 0) Z anelnGda.
0

T o
neL
Denoting X = (T,Y) = (T, Y1, Y2), one then has
fly, X) =™ Z aan(‘Y‘)eimb(Y),
nez
where J,, denotes the n'" Bessel function, and tan ¢(Y) = Y1 /Ya.
iii) When d > 3 we find spherical harmonics.

3.3. Regularity properties. We now give two regularity properties satis-
fied by elements of A§ and Aj.

Proposition 9. Let f be in A§ (respectively Aj). Then

i) the function f belongs to C(R? x R¥1) (respectively C([0,1] x RY x
RI1Y)). Moreover, f is bounded and there exists a positive number k' such
that

[flloo < Kl fllag,  (respectively || flloo < K[l f]la3):
i) the function f¢ defined on RY (respectively R4TY) as f(y) := f(y,0,y/e)
(respectively f¢(x) = f(x,x/€)) belongs to L2(RHN (respectively C([0,1],
L2 (RYNY). Moreover, one has
£z < 1 fllag  (respectively || f*llco.giLzmapyny < [1f1a; )-

Proof. i) We will prove the result for f € Af; the Fourier transform \ :=
Fx f then belongs to C([0,t], BV(RI* H3(RY)N)). Let (zg, Xo) € R24+2;
we want to prove that

If(z, X) = f(z0, Xo)l[cxy — 0,  when (z, X) — (w0, Xo).
One has
”f(l’,X) - f(x()?XO)H(CN < ||f($7X) - f(t07y7X)H(CN

+ ||f(t07y7X> - f(t()?yOaXO)”(CN + ||f(t07y07 X) - f(l'o, XO)H(CN
=A+B+C.
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Let us prove that each of these terms converges to 0 when (z, X)) — (xo, Xo).
Term A: One can bound

A< [A(t) = Alto)|sv-

Since A € C([0,t], BV(R*!, H3(RY)N)), one has [A(t) — A(to)|sy — 0 when
t — to, and therefore A — 0 when (z, X) — (z¢, Xo).
Term B: Thanks to Proposition 6, A(¢p) reads

A(to)(E) = / ro(€)u(A(t0))(d), VE € BRH),

E

where g is an H*(R%)¥-valued v(\(to))-integrable function such that
70 (&)1l prs(mayy = 1 almost everywhere.
We can then write f(to,y, X) in the form

f(to,y, X) :/einTO(f)(y)v(A(to))(d£)7
and therefore
1f(to,y. X) — f(to, y0, X)lley = /eix'g(ro(ﬁ)(y) —10(&)(yo))v(A(to))(d8).

It is a consequence of Lebesgue’s dominated convergence theorem that this
expression converges to 0 when (z, X) — (zg, Xp). We just have to check
that we can use this theorem.

- For all ¢ € R4, the mapping y — X €ry(€)(y) is continuous at g since
H*(R?%) c O(R?) (we recall that s > d/2).

For all € € U, one has X Ero(€)(y)llew < Ir0(€)(-)loo < Klro(€) 11
< k. Since v(A(tg)) € BV(R™! R), the constants are v(\(to))-integrable,
and the domination hypothesis is thus fulfilled.

We may then conclude that B — 0.

Term C: One has C — 0 with the same proof as for the B term.

We have then the convergence to 0 of A, B and C, and the continuity of
f follows.

In order to prove the boundedness property, we use Proposition 6 to write
f in the form

f(ty, X) = / X €, (E)u(A (1)) (d€),



744 DAVID LANNES

which yields

1f(t y, X)llew </||7“t(§)\|oov(>\(t))(d€) < k'/H?“t(&)llev(A(t))(dﬁ)
= KAy,

and the desired inequality follows.
ii) Here again, we will prove the result for f € Aj. Thanks to Proposition
6, we can write

f(ty, X) = / €0, (€) (y)u(M(£))(dE),

where for all ¢ € R one has r,(¢) € H¥(RY)N. In particular, one has

-

f(t . z/e) = / e 1 (6) ()0 (A1) (d€),

and thus

Z‘(tv‘)f

1 £t t/e, /) oz = | / & 1 () (YoM )) (d) 12
< / 726 | 20 (M () (d€) < / 72 () - (A ) (d€) = A(E) gy

Point ii) of the lemma then follows. t

3.4. Solving the Cauchy problem (1). As in [13], we look for solutions
to (1) of the form

u*(z) = u'(z,z/e), (4)
with u® € Af. Plugging u® defined by (4) into equation (1) formally yields
[L1(05)u (2, X) 4+ e ' L(Ox)uf (z, X) + F(u,u")] x—p/e = 0, (5)
where Ll(é?x) =0 + Zl Aﬁxz and L(@X) = O + Zz AZaXI + Lg. We will
therefore look for u® € Af such that
L1 (0)uf (x, X) 4+ e L(9x)uf (2, X) + F(u,uf) = 0. (6)

If u® were differentiable with respect to the X variable, then the derivation
of (5) obtained by plugging (4) into equation (1) would be rigorous. But the
only thing we know about u® is that it is continuous, thanks to Proposition
9. The fact that equation (6) implies that (4) defines a solution to problem
(1) is stated by the following lemma.
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Lemma 1. Suppose that u® is in Aj and satisfies
L1(0)uf(z, X) + e LL(Ox)uf(z, X) + F(uf,u’) = 0.

Then v® := uf(z,x/c) is a solution in D'([0,t] x RIF4+dNY of

L (0z)u® + F(u®,u®) = 0.
Proof. Let {p,} defined on RLt? x R be a regularizing sequence. We
have

([L1(0z) + e Y L(Ox)|uf) * pp(z, X) = —F(uf,u®) * pp(z, X).
Thanks to Propositions 7 and 9, F(u®, uf) is continuous, and therefore,
F(u®,u®)*py(x, X) converges uniformly in (x, X) to F(u®, u®)(z, X). There-
fore, F'(u®, u®)* pp(x,z/c) converges uniformly in = to F(u®,u®)(x,z/). On
the other hand, we have
([L1(02) + €7 L(0x)]u) * pu(, X) = [L1(0s) + &7 L(9x)](u * pn) (2, X),
and therefore
([L1(0s) + €7 L(OX)]u) * pu(, 2 /2)
= [L1(0s) + &7 L(9x))(u % pn) (x, /) = L¥(8) (u” * pu(, 2/¢)).

We then have the convergence of L(0,)(u®*p,(z,x/¢)) to —F (uf,u®)(z, x/¢e),
uniformly in z. Since u® * p,(z,z/e) converges uniformly in = to u®(z) =
u®(x,x/e), we can deduce that L(9,)u® = —F(u,u®) in D', and the lemma

is thus proved. O
We can now formulate the following theorem.

Theorem 4. Let u° be in Aj. There exists a positive real number t > 0
such that for all € > 0, the Cauchy problem

Laus + F(us, 116) = O, u€|t:0 = uo(ya Oa y/5)7

has a solution u® in C([0,t] x RY)NC([0,1], L>(R)N) which is unique. More-
over, u® can be written in the form v* = u®(x,x/e) where u® € A} is uniquely
determined by

L1(9:)uf + e LL(0x)u® + F(uf,uf) =0, u|j—o = u°, (7)
and its norm in Aj is bounded uniformly in €.

Proof. Let us prove first that there exist a ¢ > 0 and a unique u® € A} such
that (7) is satisfied. The proof will be by Picard iteration. The first iterate
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uj solves the linear problem, which one gets by setting /' = 0 in (6). The
other iterates are determined solving

Ly (Oo)up iy + e L(Ox)ug 0 = —F(up, ), uli=o = u’, (8)

for v > 1.
In order to solve these equations, we will need the following lemma:

Lemma 2. Let g € A and fO € A§. The linear problem

Ll(ar)f + 5_1L(8X)f =9, f‘tZO = f07 (9)

has a unique solution in A;. Moreover, one has

114z < 172N ag + tllgll a5 (10)
Proof. Let us denote by A and u the elements of C([0,], BV(R'*4, H*(R¥)N))
defined as X := Fx f and p := Fxg, and \g := Fx f0 € BV(R", H5(R)V).
We also introduce A(n) := Z;-lzl Ajn; and L(&) = &l + Z;'l:1 a;&; + %LO.
Taking the Fourier transform of equation (9) with respect to X and y yields

(0 +iA(n) + e HL(E)A = A,

where the notation X(E) = >\/(E\) has been introduced in Proposition 6. In
the space C([0, 1], S"(R14+4N)) we know that we have existence and unique-
ness of a solution to this equation with initial conditions in S'(R!*d+dN),
This solution is given by the formula

t _
3 = emit(Am+TLEO)R, 4+ / DA+ LO) o du. (1)
0
We thus have to prove that the element of C([0,%],S'(R'*¥+4N)) given by
o : 14+d prs(Rd\N :
» Ly ’ . tau
(11) is in fact in C([0,t], BV(R' T H5(R*)"™)). Let T}, be a function on
Rg“ with values in Lo(L2(R%), L2(R?)) defined as
Tyu(§)h(n) := e T IADTTLD R (), vh € L3RY).

Since || T3 (€)|| = 1 for all &, T}, is integrable. Moreover, we know that
for all t € R, A\(t) € BV(R™ L2(R%)N); Proposition 3 then allows us to
conclude that T} ,pu(u) defined as

Ti(0) () = [ 00 MO fuy(ag), B € BRI,



NONLINEAR GEOMETRICAL OPTICS 747

—

is in BY(R™4 L2(R)N); moreover, one has [T} ,fi(u)|sy < |u(w)|sy, and
the set function \; defined for all E € B(R'*9) as

MO(E) = /O Ty 0) () du

is in BY(R'*4, L2(R4)N) and satisfies
_ ¢ _ ¢
M Olsy < / Ty i)y du < / 200) gy .
0 0

We also define the set function /g(?) = Tt,O//\\OQ one then has
[Xa(t)|By < [AolBy.

Since the solution A given by (11) is written X = A1 + Az, we have thus
proved that it is in C([0, ], BV(R'*T4, L2(R?)N)). We also have the estimate

—

e~ t —
3 sy < [Rolsy + / (@) du. (12)
0

We have seen in Proposition 6 that one has v(@) = v(«) for any « belonging
to BY(R'* H5(RY)N). Therefore, |a|gy = |a|py, and it is thus easy to
deduce from the above inequality that

114z < 101z + tllglla;-

The proof of the lemma is then complete. O
We now return to the Picard iteration. Thanks to Proposition 7, we know
that there exists a constant k£ > 0 such that

IE(f, Pllag < K%, VF € A
Applying Lemma 2 to (8) and using the above inequality yields
g llag < [lu®llag + kel s
Taking ¢ small enough, we can assume that for all v we have
s llag < 20 a5 (13)

Let us now bound the difference wy, := u_ | — uj,. The function wy;, solves

L(Op)w iy + e L(Ox)wp gy = F(wp,ug_q) = Fug,wy_q),  wjli=o = 0.
Applying Lemma 2 to this system and using inequality (13) yields

lwpllag < 4ktllu®|l agllws, 1 ]l a5,
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and thus
w1 = wllag < 2[[u®|| ag (4kt)".

If ¢ is small enough so that 4kt < 1, then (uf) is a Cauchy sequence in A7
which, thanks to Proposition 7, converges to an element u® of A$. This func-
tion u® solves system (7). Thanks to Lemma 1, the corresponding function
u® solves the Cauchy problem (1). Thanks to Proposition 9, we know that
w® € C([0,2] x RY)NC([0,¢], L>(RY)N) and the existence part of the theorem
is thus proved. Uniqueness of the solution u® is proved using the classical L?

uniqueness argument. ([l

4. GEOMETRICAL OPTICS FOR PROBLEM (1)

4.1. Ansatz for the approximate solution. Our goal is to determine an
approximate solution v* to (1) in the form

ve(x) = vo(z,z/e) + evi(z,z/e), (14)

where vp and v; belong to A7. This means that we want to find an ap-
proximate solution which preserves the structure of the initial condition,
i.e., which is an oscillation with possibly continuous oscillating spectrum.
Plugging (14) into (1) yields the following formal expansion in powers of :

L5V + F(v°,v°) = é[L(@X)vo(x,X)]X:z P
+[L(0x)v1(w, X) + L1(0z)vo(x, X) + F(vo,v0)| x=a/e
+e[L1(0z)v1(z, X) + F(vo,v1) + F(v1,v0)] x=z /e (15)

where L(dx) == dr + X%, dv, + Lo, and Ly(8,) == 8 + 3 ; Aid,,. The
strategy consists in searching for vyp and v; in A7 such that the first two
terms of the above expansion vanish. We will then prove that the associated
function v of (14) is an approximate solution to Problem (1) and that it
satisfies a stability property.

4.2. A few tools. As always in geometrical optics, the characteristic variety
associated to problem (1) and polarization conditions play an important role.
We now introduce these objects.

Definition 8. i) We denote by L(§) the symbol
d
L(§) = &I+ Y &Ai + Lo/i = &I + A(&r) + Lo/i,
i=1

where gl = (‘517 <o 7§d) and ‘5 = (5076])'
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ii) The characteristic variety associated to problem (1) is the set C defined
as C := {€ € R4 : det L(¢) = 0}. We will also denote by Sing C the set of
the singular points of C.

iii) Since L(§) is a symmetric matrix for all £, denote by 7(&) the orthog-
onal projector on its kernel and by (&) the partial inverse of L(§), defined

as Q(&)m(§) = 0, and Q(§)L(E) = I — ().

If v is a monochromatic wave v := vﬁeiﬁ'x, then annihilating the first
term in expansion (15) reads L(B)vg = 0; that is, m(8)vg = vg. If v is an
almost-periodic function, v := ngeiﬁ'x , then this condition reads Ilv = v,
where the operator II is defined on almost-periodic functions as

H(Z agePX) = Z m(B)ageX.

This operator II defined on almost-periodic functions is in fact equal to the
Fourier multiplier w(Dx), since for any almost-periodic function a, one has

Ai=Fxa= Z agog,

BGRd+1

and therefore,

TA = Z 7(3)agdg,

BeR4+H!

whose inverse Fourier transform is 3" 7(3)age?”X. This yields n(Dx)a =
ITa. This relation is used to define the operator II on every function of A7.
The only thing we need is to prove that the Fourier multiplier 7(Dx) is well
defined on A7.

We similarly want to define the Fourier multiplier Q(Dx) on A$. In order
to do this, we first introduce the notion of 7- and Q-regularity.

Definition 9. We will say that f € A} is m-regular (respectively Q-regular)
if T (respectively @) is A-integrable, where A := Fx f.

We can now formulate the following proposition, which says when the
Fourier multiplier 7(Dx) and Q(Dx) are well defined.

Proposition 10. i) Every element of A} is w-regular and the Fourier multi-
plier m(Dx) is well defined on Aj. ii) The Fourier multiplier Q(Dx) is well
defined on Q-reqular elements of Aj.

Proof. Let f belong to Aj and A := Fx f.
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i) Since ||7(€)|| < 1 for all £ € R*4, the function 7 is M-integrable thanks
to Proposition 3; i.e., f is m-regular. The product 7 is therefore well de-
fined in C([0,t], BV(R*?, H*(R%)N)), and the Fourier multiplier is thus well
defined on A7.

ii) The partial inverse Q(¢) is not bounded in norm, and thus not neces-
sarily A-integrable. That is why we have to assume that f is Q-regular. The

proof is then similar to the proof of point i). O
Remark. A measure A such that 7\ = X has its support in C, since 7(§) = 0
for all £ ¢ C.

The following proposition gives a class of Q)-regular functions.

Proposition 11. Let f € Aj and A\ := Fx f. Let us assume that Supp A is
such that d(Supp A, Sing C) > 0. Then f is Q-regular.

Proof. For any &; € R, there exist m(¢&;) functions 7; such that

m(&r)
A€ + Lofi = = 3 m(E0m((€1), &)-
j=1
Therefore one has
m(&r)
L(§) = L(%, &) = Y (b0 — 75(En)m (&), &r)
j=1
and .
Q= > m”(%‘(&)v&)-

75 (€s)#&o
Since m(¢r) is constant and the functions 7; are smooth on each connected
component of {&; € RY : (75(&1),&1) is not singular, j = 1,...,m(&)}, one
has &y — 7;(&r) — 0 if and only if d(§ = (o, &r), Sing C) — 0. Thanks to the
assumptions made in the proposition, we thus know that @ is bounded on
Supp A, and thus integrable. O
Remark. This proposition proves very useful to ensure that an almost-
periodic function or a density function is Q)-regular.

4.3. Annihilating L(0x)ve. The equation L(0x)vg = 0 is the equation we
obtain when annihilating the ¢! term in expansion (15).

The following lemma says that 7(Dx) is a good generalization of operator
IT in the sense that the equivalence L(0x)a =0 <= w(Dx)a = a, which is
true for almost-periodic functions, remains true for every function in Aj.
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Lemma 3. Let f be in Aj. Then one has
LOx)f =0 ifandonlyif =(Dx)f=f.

Proof. Since f € Aj, one has A € C([0,], BV(R'™, H*(R")V)). We will
prove the desired result for all ¢ € [0,¢] and will use throughout this proof
the notation A instead of A(t). We recall that thanks to Proposition 6, A can
read

A(E) = [E A (©v(N)(de), VE € BRI,

Since the condition 7(Dx)f = f can also read 7\ = A, it is therefore
equivalent to

[ ra©ve = [ mns@une), vE € BRI,
E E

which means that 7(&)ry\(§) = ra(§), v(A)-almost everywhere, i.e., that one
has L(&)rx (&) = 0, v(A)-almost everywhere. This last condition also reads

/E L(E)r(€)u(\) () =0, VE € BR™).

It is then a consequence of Theorem 1 that this is also equivalent to

L is M-integrable, and / L(&)XN(d€) =0, VE € BR™),

E
which, thanks to Proposition 3, means that the product LA is well defined
and is equal to 0, i.e., that L(Jx)f is well defined and equal to 0. O
The first term vy of our ansatz must therefore satisfy
m(Dx)vo = v (16)

in order to annihilate the e~! term in expansion (15). This condition is
usually called the polarization condition.

Remark. From now on, we will assume that the initial condition 1 satisfies
the polarization condition

m(Dx)u’ = u®.

This condition is necessary for two reasons. The first one is because we
want to have vg|i—o = u” together with (16). The second one is more sub-
tle. We take in this paper initial conditions for problem (1) of the form
wli—o(y) = u%(y, 0, y/e), with u® € A§. For instance, we can take u’(y, X) =
g(y)e! @k (TY) with g € H(RY)N. One then has u|—o(y) = g(y)e*¥/¢. In
the usual frame, such an initial condition gives birth to more than one oscil-
lation (as many as the number of sheets of the characteristic variety C above
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k), while in this paper we have implicitly chosen the oscillation associated
to (w, k). Such a choice corresponds to the above polarization condition of
the initial condition.

4.4. Annihilating the ¢ term in expansion (15). Annihilating the °
term in expansion (15) yields the following equation:

L(ax)vl + Ly (EL;)UO + F(Uo, Uo) =0. (17)

In order to study this equation, we use the following lemma, which general-
izes Lemma 3.

Lemma 4. Let f and g be in Af. Then one has

_ . . m(Dx)g =0, and g is Q-regular,
LOx)f =g if and only if { (I _);(DX))f — Q(Dx)g.

Proof. Let us prove first the direct implication. Assuming that L(0x)f = g,
denote by A and p the Fourier transforms A := Fx f and p := Fxg. Since
the function & — ¢L(§) is A-integrable, one has iL\ = u. It is easy to see
that m(Dx)g = 0; we prove that @ is p-integrable and that (I — m)A =
Qu. In order to do this, we will construct a sequence {@,} of integrable
functions which converges to @@, and use Theorem 1. We can decompose the
characteristic variety C (see [2]) as follows: C = C; U --- U Cp,, where C; is
the set of roots of multiplicity j of det L. We define Cy as R'T9\C. We also
define the sets A as A? :={zx € C; : d(x,Ci11) > 1/n}, fori=1,....,m—1,
and A7) = Cp.

We now introduce the sets A,, := A7 U---UA" and Xy, the characteristic
function of A,, N B(0,n). Then x,, has compact support and x, — 1 every-
where when n — oo. The same arguments as in the proof of Proposition
11 yield that the functions @, := x,Q are p-integrable. They also converge
everywhere to () and satisfy

/ Qu(©)p(de) = / (I - n(€)A(dE), VE € BR™).
E E

Thanks to Theorem 1 we therefore conclude that @ is u integrable and that
for all E € B(R*?),

| @©utde) = [ Quenias) = [ (1= ).

We have thus shown that Qu = (1 — 7))\, and the proof of the direct impli-
cation is then complete.
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We omit the proof of the reverse implication, since it is very similar to

the proof of Lemma 3. g
Equation (17) is therefore equivalent to
m(Dx)L1(0:)m(Dx)vo + 7(Dx)F(vg,vg) =0, (18)
and

{ L1(0z)vo + F(vo, vo) is Q-regular
(I — F(Dx))iq = —Q(Dx)[Ll (EL;)UO + F(Uo, U())].

The following proposition says that equation (18) is well-posed in A% with

(19)

initial data A35"%; the first term vy = 7(Dx)vy of our ansatz will then be
fully determined.

Proposition 12. Let o > d/2 and u® = 7(Dx)u® be in A3. Then there
exists a positive real number t > 0 such that the system

m(Dx)L1(9:)m(Dx) f +7(Dx)F(f, f) =0,  flimo = u°,
has a unique solution f € A7 such that f = m(Dx)f.
Proof. The proof of this proposition is by Picard iteration, just as was done
to solve equation (6) in the proof of Theorem 4. We will not detail it and will

just give the proof of the following lemma, which is the key step in Picard
iteration. N

Lemma 5. Let g € A7 and fO=n(Dx)f° € A. The linear problem

m(Dx)L1(0:)m(Dx)f =g, fle=o = f°,
has a unique solution f € A7 such that f = m(Dx)f. Moreover, one has

1F1lag < 1fag +tllgllag-

Proof. The proof of this lemma is very similar to that of Lemma 2; one just
has to replace the functions 7T}, by

Stu(€)h(n) = e =T OAMTE () vh e L2(R?).

Remark. We will apply this proposition with ¢ = s+ 2 since the computa-
tions of v; and of the residual have a regularity cost. For instance, the term
L1(0z)vo + F(vo,vp) which appears in the right hand side of equation (19)
is only in AS*L.

Thanks to this proposition, we can solve equation (18). We recall that
the goal of the present section is to solve equation (17). This will be done if
we can solve (19). In order to do this, we make the following assumption.
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Assumption 1. The profile vy solution to (18) is such that L1(0z)vo +
F(vo,v0) is Q-regular.

Remark. We will comment on this assumption in the last section, and
we will see in an example that it is easily checked. Under this assumption,
solving (19) is the same as taking (I — m(Dx))v1 = —Q(Dx)[L1(0z)vo +
F(vg,vp)], which is possible, since v; does not need to satisfy any other
condition. We have therefore solved Equations (18) and (19), and thus
annihilated the ¢° term (17).

In order to do so, we have at this stage determined vy and (I —7(Dx))v;.
We now choose to take m(Dx)v; = 0, so that the ansatz v = vy + ev; we
are looking for is now fully determined.

4.5. Smallness of the residual. We have seen in Section 3.2 that the
profile u® of the exact solution u® to problem (1) satisfies

L1(9:)uf + e 'L(0x)u + F(uf,uf) = 0.

Thanks to the above sections, we know that the profile v® := vg 4 ev; of the
approximate solution v® is almost a solution of this equation in the sense
that

L1(9)0° 4+ e 1L(0x)v° 4+ F(v°,v°) = er®,
where ¢ 1= L1(0;)v1 + F(vo,v1) + F(v1,v0) +€F(v1,v1) is in Af. One then
has
L1(9,)v° + e 1L(Ox)v° + F(v°,v°) = O(e) in Af.
A straightforward adaptation of the proof of Lemma 1 then yields
LF(0)v" =er®, inTD,

where r°(z) := r°(z,x/¢). Since r° is in A7, Proposition 9 yields the following
result:

Proposition 13. Under Assumption 1, the approximate solution of geomet-
rical optics v¢(x) = v (x,z/e) almost solves Problem (1) in the sense that
L#(0,)vE = O(¢), both in C([0,t] x RY) and in C([0,t], L2(RH)N).

4.6. Stability of geometrical optics. We have proved in the above section
that v® almost solves (1), but we have not yet proved that the difference
u® — v® remains small, i.e., that v® is a good approximation of u®. This is
what the following theorem says.

Theorem 5 (Stability). Suppose that the initial condition u° & A8+2 18
polarized so that 7(Dx)u® = u°, and assume that Assumption 1 is fulfilled.
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Then the exact solution u® is in A5T+2 C Af and the approzimate solution
ve(x) = v°(w,x/e) is stable in the sense that u® = vo + O(e) in Af, and
u® = v + O(¢), both in C([0,t] x RY) and in C([0,1], L?(RY)N).

Proof. One has
L1 (0.)uf 4+ e T L(0x )u® = —F (uf, uf),
L1(9)v° + e LL(Ox )v® = —F(v°,0°) + er®.
Taking the difference of these two equalities yields
Ly (0a)w + 7 L(Ox)w® = —F(uf,w’) + F(w®,v%) +er = R,

where w® := u® — v° also satisfies w®|—o = 0.
The result stated in Lemma 9 is not sharp enough to give an interesting
bound for [[w®|4;, but in the proof of this lemma, we proved the sharper

estimation (12), which now yields

¢
]fxwg(t)][svﬁ/o |Fx R (u)|py du.

Moreover, |Fx R?|gy is bounded by
|Fx B[y < C1]|Fxw®|gy +eCh,

where C7 depends on F' and on an e-independent upper bound of [u®|| 4
and [[v°|| s, while Cy is an e-independent upper bound of |[7¢][4s. We then
have ) )

| Fxw(t)|gy < etCs + /Ot C1|Fxv® (w)|py du,
which yields, thanks to Gronwall’s inequality,
| Fxw (t)|py < etCoet.
One then has
u® =v"+0(e) in Aj.

Since we also have v* = vg + O(e) in Af, we can deduce that u® = vy +
O(e) in Aj. The last two asymptotic relations stated in the theorem are a
consequence of Proposition 9. ]
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o. QUALITATIVE PROPERTIES AND RESONANCES

5.1. Qualitative properties of the linear problem. In this section we
consider again the linear system

T(Dx)L1(0a)m(Dx)f =g, fl=o = 1", (20)
where m(Dx)g = g € A and m(Dx)f* = f0 € A§.
We have proved in Section 4.4 that there is a unique solution f = w(Dx) f
to this problem. The following proposition gives a property satisfied by the
oscillating spectrum of f.

Proposition 14. Denote Sy := Supp Fx f°, and assume that there exists a
subset S of C such that for all t € [0,t] one has Supp Fxg(t,-) C S. Then
one has Supp Fx f(t,-) C SoUS, Vt € [0,1].

Proof. As usual, denote A := Fx f, u:= Fxg and g := Fx f°. We have
seen in Section 4.4 that A is given by

t
(1) = eitmOAWTOR, | / e~it-0TOAMTEO 5 (y) du,
0

which yields the desired result. U

We will now prove that the operator m(Dx)L;(0;)m(Dx) may often be
seen as a scalar operator, which simplifies the computations a lot. If £ is in
the characteristic variety C, we can write & = (£,&r) := (7(&1),&1), where
the function 7 is a local parametrization of C in a neighborhood of £. If £ is
a smooth point of C, then one has (see [6])

(&) L1(02)7(§) = m(§)(0r — 7'(&1) - Oy), (21)
and 7(§)L1(0z)m(€) is thus a transport vector field at the group velocity
7/(&7) on the range of 7(§).

For any &7 € RY, there is normally more than one point of C with R?
coordinate £;; they are written &' := (11(&1),&1), ..., €7 == (1.(€1),&1), where
r may depend on &;. Therefore, any ¢ € C\Sing C may read & = (7;(£1),&1)
for a unique i. We will use the notation /() instead of 7/(£7). Equation
(21) thus reads

(&) L1(0z)m(§) = m(&) (0 — 7'(§) - 9y);
we can now formulate a proposition which generalizes this property.

Proposition 15. Suppose that Sy and S are as in the above proposition.
If in addition, (So U S)NSing C = 0, then f solves the scalar system

(0 —7'(Dx) - 9)m(Dx)f =g, [fli=o = [°.
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The following corollary gives the explicit solution of the linear problem
without source term and for initial conditions being almost-periodic func-
tions or density functions.

Corollary 1. Let us consider the linear problem (20) in the case where g=0.
i) If fO = n(Dx)f° is an almost-periodic function given by
Oy, X) =) aply)e”,
BESo
where Sy contains no singular point of C, then the solution f = w(Dx)f to
(20) is given by
Fla. X) =) agly + 7' (8™,
BESo
i) If fO = n(Dx)f° is a density function of support M and density a,

£y, X) = /M X Ea(£) (y)o (de).

and if M contains no singular point of C, then the solution f = w(Dx)f to
(20) is given by

[z, X) = /M e a(€)(y +tr'(€))o (dE).

Proof. The case of almost-periodic functions is well known (see [12] for in-
stance); let us prove part ii) of the corollary. It is easy to see using the above
proposition, the assumptions made on M, and the fact that 7 (&) L1 (0;)m(§)
is scalar when ¢ is a nonsingular point of C, that the Fourier transform
A= Fxf is given by

£ = ity

The Fourier transform \g := Fyx fO is given for all E € B(R'*9) by
M(E) = [ xe©)ae)olde),

where x g is the characteristic function of £. Thanks to Proposition 2, XB is
given by

5o(B) = [ xp(©aotde),
and thus \ takes the form
MEE = [ xs©e Oa@)malds)
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and Proposition 2 yields this time

AE)(t,y) = / ()0 (€)y + 17(6))o(de).

M

Taking the inverse Fourier transform of A with respect to £ yields the desired
result. g

5.2. Resonances. We have seen that the profile vg = 7(Dx)vg given by
geometrical optics for Problem (1) is determined by

7(Dx)L1(0:)(Dx)vo + 7(Dx)F(vo,v0) = 0,  vo|=o = u’.

We will see that in many cases, we can omit the nonlinearity w(Dx)F(vo, vo);
the only cases where it will be of importance will be when resonances occur.

Definition 10. Let A = 7\ and y = 7u be in BV(R™ 4 H3(RH)N). We
will say that A and p resonate if and only if one has v(u) * v(A)(C) # 0. We
will say that two functions of Af or Aj resonate if their Fourier transforms
resonate. )

Remark. If A and p are written A = ag, dg, and p = ag,dg, with w(51)ag, =
ag, and m(fB2)ag, = ag,, then A and p resonate if and only if 31 + (> € C,
which is the usual resonance condition.

Generally, C admits 0 as a center of symmetry, and 0 is also in C, so that
if 3 € C, one has —3 € C and B+ (—f8) = 0 € C; i.e., agdg and a_gd_g
resonate. Therefore, any measure whose support is a point usually resonates
with another measure; but for general measures, this is no longer true, and
that is why we give the following definition.

Definition 11. Let A = 7\ € BY(R!*, H3(RY)N). X is absolutely nonres-
onant if for all u = 7 € BY(R'T H3(RY)N) such that x({0}) =0, A and
do not resonate. In the opposite case, we say that A is potentially resonant.
We also say that an element of Aj or Aj is absolutely nonresonant if its
Fourier transform is absolutely nonresonant.

Example. i) Consider the wave equation with d = 2. The associated

characteristic variety C is the cone {(£,&1,&2) : &0 = /& + &5}, Let M
be a circular section of C given by M = {(w, &1,&2) € C}, where w > 0. Then

any density function f of support M and density o € C(M, H*(RH)N) is
absolutely nonresonant. Indeed, its Fourier transform A is given by

A(E) = /M xB(©a(€)o(ds),  VE € BRI,
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so that
v(A)(E) = /M Xe©lla@)lmo(d),  VE e BR™).

Let p = 7 € BV(RT4 H3(RY)N) such that u({0}) = 0. One then has

v(A) * (1) (€) = /C /M X + E) (€ - (e o) (dEo)
<M /C /M X(€1 + )0 (1)) (de),

where for all £, one has ||a(f)||gs < M. For all nonzero & € C one has
CN(M+E2) = 0, and therefore v(N\)xv(u)(C) < Mo (C)u({0}) = 0. Therefore,
A and g do not resonate, and we have thus proved that f is absolutely
nonresonant.

ii) On the other hand, any almost-periodic function whose spectrum is
on C is potentially resonant, as it is easy to see using the fact that C is
homogeneous.

We will consider initial conditions of the form u® = >~ uf, with m > 1
and u' = m(Dx)u' € A§, fori=1,...,m.

One can decompose [1,m] under the form [1,m] = P + N, where P and N/
are defined as

i € P <= Fxu'is potentially resonant
1 € N < Fxu' is absolutely nonresonant.

The following theorem says that the nonlinearity m(Dx)F (v, v9) does not
see the absolutely nonresonant part of u°.

Theorem 6. Let vy = m(Dx)vg be the solution given by geometrical optics.
Let vP = m(Dx)vP and v™ = w(Dx)v"™ be the solutions of
m(Dx)L1(9z)m(Dx)vP + m(Dx)F(vP,vP) =0
Plico = Y peput i= w07,
and
m(Dx)L1(9z)m(Dx)v"™ =0
V" img = Y sep ut 1= ulm
Then one has vg = vP + v™.
Proof. Let us show that w(Dx)F(vP + o™, vP +v") = w(Dx)F(vP,vP). It
is sufficient to prove that g := 7(Dx)F (v", f) is equal to 0 for all f € A;.
Denoting A := Fxf and p" := Fxov™, one has Fxg = 7wu" * A. Since
m(€) =0 for all £ ¢ C, we also have Fxg = mxcpu™ * A, where y¢ denotes the
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characterisitic function of C. We also know that |xcu" * A|gy = v(u" *X)(C),
which yields thanks to Proposition 4

Ixen™ # Alpy < ko(p") x v(A)(C). (22)

But we also have seen that we can find an explicit expression for p' which
yields v(u") = v(Fxu®"). Equation (22) thus reads

Ixen™ * Ay < kEv(Fxu®") *v(N)(C) =0,

the last equality being a consequence of the fact that Fxu®" is absolutely

nonresonant. It is then straightforward to conclude that g = 0 and therefore
that we have m(Dx)F(vP + 0", vP +v"™) = n(Dx)F(vP,vP). Thanks to this
property, one has

m(Dx)L1(0;)m(Dx)(vP + v") + w(Dx)F(vP + 0", vP + ™) = 0.

Since we also have (v +v™)|;=¢ = u’, P +v" and vy satisfy the same Cauchy
problem and are thus equal, thanks to Proposition 12. O

Remark: i)We have seen that measures whose support is discrete are usu-
ally potentially resonant, but we will see that many density functions are
absolutely nonresonant. This simplifies the computations since density func-
tions are far more difficult to handle than almost-periodic functions. The
above theorem says that absolutely nonresonant density functions solve a
linear problem, and Corollary 1 gives a simple form of the solution in many
cases. ii) This theorem may easily be sharpened when dealing with concrete
examples, as we will see when studying the stimulated Raman scattering.
The following corollary should be used when checking Assumption 1.

Corollary 2. If u®" is Q-regular, then so is v™.

Proof. It is a straightforward consequence of Theorem 6, Propositions 11
and Proposition 14. O

5.3. Conditions for resonances between almost-periodic functions
and density functions; transparency. In order to study possible reso-
nances between almost-periodic functions or density functions, we will have
to study the convolutions of their Fourier transforms. We will consider this
for elements A1, A2, 1 and pg of C([0,t], BV(R**4, H*(RY)N)) given by

A1 =agdg and Ay = ag,is,,
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11 (E) = /M xE(©)a1 ()01 (d€), VE € BRM),

o (E) = /M XE(©)as(E)os(d€), VE € BRM),

where M7 and My are submanifolds of dimension n; and no respectively.
One then has

i) v(h)xv(he) = llag, [lllas, [|9s,+ 5.
i) v(A) *v(u)(E) = |a51\|/ Xe(Br + §)llex(§)llor (dE)
My

i) v(yun) % v(u2) (B) =
/M /M (€ + €l (€0) las(Ea) o1 (de1)oa(des).

We have therefore the following necessary conditions for resonances.

Proposition 16. With the notation used above, and assuming that A; = w\;,
and p; = wu;, fori=1,2, then

i) A1 and g resonate if and only if B1 + P2 € C;

i) A1 and py resonate if and only if R :={{ € M : 1+& € C and oy (&) # 0}
is a subset of My whose Lebesque measure o1(R) is nonzero,

iil) p1 and pg resonate if and only if R = {(&1,&2) € My x My : &+ & €
C,a1(&1) # 0and as(&) # 0} is a subset of My x My whose Lebesgue
measure (o1 X 02)(R) is nonzero.

The above proposition gives resonance conditions, However, two measures
A and p may resonate in the sense of Proposition 10, i.e., v(A)*v(u)(C) # 0,
while 7(A % u) = 0. In the derivation of geometrical optics, the nonlinear
factor takes the form of this last term. If it is equal to 0, the nonlinearity
then vanishes, as if there were no resonances. Such a phenomenon is called
transparency; when it occurs, equations that should be nonlinear are in fact
linear. In the case of discrete oscillating spectra, this phenomenon is well
known (see [5, 16] for examples and [14] for a general study). With the above
notation, the transparency conditions read

i)  w(BL+ P2)F(ag,,a,) =0
i) / 7(B1 + € F(ag, 01 (£))or (d€) = 0
M1

iii) /M1 /M2 (&1 + &) F(a1(81), a2(&2))o1(dér)o2(dEs) = 0.
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5.4. Spontaneous Raman scattering. The three-level Maxwell-Bloch
model is used to explain this phenomenon (see [4, 17], as well as [14] for
a mathematical point of view). This system consists in the Maxwell equa-
tions

8tE —curlB = —875P

0yB + curlEE =0

divE = —divP

divB = 0,

where E and B denote respectively the electric and magnetic fields, while
P is the polarization. The link between E and P is given by the Bloch
equations

iedp = [Q,p] — [E-T,p|, P=tr(Ip),

where (2 is the electronic Hamiltonian in absence of external field, and —I" is
the dipole moment operator. The relevant part of the characteristic variety
in space dimension d = 2 has the following form:

LR i ) Al

where (O&)) is an axis of revolution.

We consider the two-dimensional case d = 2 and suppose in this section
that the incident light is weak enough to neglect the nonlinearities. In our
case, this means that the bilinear mapping F' of (1) is taken equal to 0.

As in the introduction, assume that the incident light has frequency wry..
Energy-level diagrams show that light is emitted at the Stokes frequency
ws = wr, —wi2 and at the anti-Stokes frequency w, = wr, +wio. Boltzmann’s
law explains why Stokes lines are stronger than anti-Stokes lines.
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The intersection of C with the plane &y = wg is a circle €2, and as said in
the Introduction, the oscillating spectrum of the emitted oscillation should
be this circle 2. We assume here that we can describe it with a density
function u° of support Q and density o € C(Q, H¥(RH)N),

uO = eina o .
(. X) /Q () () (de)

Since 2 does not contain any singular point of C, we know thanks to Corollary
1 and since the nonlinearity F' is equal to 0, that the profile vy of geometrical
optics reads

wlt,y, X) = / X Ea(€)(y + t7(6))o (€)de, (23)

Q

where £ — 7(§) is a parametrization of C in a neighborhood of €.

Thanks to Proposition 11 it is straightforward to check that Assumption
1 is satisfied, so that we can conclude thanks to Theorem 5 that (23) gives
a good approximation to the exact solution.

The set of all the directions of propagation of the approximate solution
(23) is {7/(&) : £ € Q}, which is of revolution, so that as observed experimen-
tally, the emission is nearly (because o may depend slightly on ) isotropic.

5.5. Stimulated Raman scattering. In this section, we still consider the
two-dimensional case d = 2, and use the three-level Maxwell-Bloch model
whose characteristic variety has been given in the above section.

We assume here that the incident light is a very strong laser beam, so that
nonlinear phenomena occur. We show in this section that the stimulated
Raman scattering may be seen as an instability effect, in the sense that
the nonlinear effects may only amplify the Stokes frequency, among all the
frequencies initially present.

We can assume that the incident light gives a contribution to the initial
condition to Problem (1) of the form uf(y) := 2ag, cos(kr - y/€), where
Br = (wr, k) is in C and 7(BL)ag, = ag,. The associated profile u) € A§
is thus given by v = ag, (6, +J_p, )

We will also assume that there are other terms in the initial condition,
whose oscillating spectrum is continuous, since, as said in Section 1, there
is no physical reason to give priority to a countable number of directions of
propagation. We thus consider an initial condition whose profile u° is given

by
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where the u{ = 7(Dx)u are density functions of one- or two-dimensional
support.

Our goal is to look for the resonant part of this initial condition, i.e., the
part that will be affected by the nonlinearity present in the equations of
geometrical optics.

In order to apply Theorem 6, we give the following lemma.

Lemma 6. i) Density functions with two-dimensional support are absolutely
nonresonant. ii) Density functions with a one-dimensional support M which
is nowhere horizontal (i.e., such that M N P s discrete for all horizontal
planes P) are absolutely nonresonant.

Proof. i) Let us consider a density function f of two-dimensional support
M and density «; its Fourier transform A is given for all Borel sets E by
ME) = [y xe©a(©)ds. Let p = mp € BY(RYW, HS(RY)N) such that
1({0}) = 0. One has

v(A) * 0()(€) < M /C ( /M xe(€ + E2)o(der))o(u)(dee),

where ||a(§)|| < M, for all £ € M.

In the particular case we are dealing with, it appears clearly on the graph
of C that the set C N (& + C), and therefore C N ({2 + M), has a Lebesgue
measure equal to 0, for all & € C\{0}; i.e., [, xc(&1 +&2)a(dér) = 0, unless
& = 0. Since v(u)({0}) = 0, we then have v(A) x v(u)(C) = 0, and therefore
A and p do not resonate, which yields the first point of the lemma. The
proof of the second point is quite similar, and we omit it. O

Thanks to Theorem 6, we know that the terms u) of the initial condition
u? which are as those given in this lemma are not affected by the nonlinearity.
This is not the case of the density function whose one-dimensional support M
is horizontal (i.e., there exists a horizontal plane P such that MNP = M).
The vertical coordinate of such a support will be called the frequency of the
density function.

We introduce the following assumption on the components of the initial

condition uY.

Assumption 2. The density functions u? have one-dimensional horizontal

support M; of frequency w' # wia, for i = 1,...,mq, and have either a

two-dimensional or nowhere plane support for i =mq +1,...,m.
Moreover, for all 1 <i,j < mq, one has w' + w/ # +wis.

Up to a change of indices we can suppose that w! = wy, — wio and w? =

—w!. If these frequencies are not present in the components of the initial
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condition, just assume u{ = u = 0. We can now formulate the following

theorem, which is sharper than Theorem 6, but uses the particular structure
of the characteristic variety of the present example.

Theorem 7. Suppose the initial condition is given by

m
u’ = ag, (0, + 5—ﬁL) + Z u?’
i=1
with ©(Br)ag, = ag, and the density functions u) = w(Dx)ud are as in
Assumption 2. Let vg = w(Dx)vg be the profile given by geometrical optics,

and let v, = 7(Dx)vyn and vy i = 7(Dx)vnn be the solutions of

{ W(DX)LI (am)ﬂ—(DX)'Un.lin + W(DX)F(Un.lina Un.lin) =0,

24
Un.lin‘t=0 = agy, (55L + (LﬁL) + u(l) + ug, ( )

and
W(DX)Ll(ar)Tr(DX)Ulin =0,
{ Ulin’tZO = 2123 U?
Then one has vo = Vi + Un.tin. Moreover, the spectrum S := Supp FxVUn.tin
of Un.iin satisfies S C {0, £ UM UMoU (M —Br)U(Mo+ 1) CC. In

particular, if all the components of u® are Q-reqular, then so is vy.

Proof. Thanks to Lemma 6 and Theorem 6, we can suppose all the density
functions u* have a horizontal one-dimensional support.

One can see that each iterate v ;. ~of the Picard iterates used to solve
(24) has a spectrum S, := Supp Fxuvl ;,, which satisfies S, C {0,+8} C

MiUMoU (M —Br)U(Mao+ ). Therefore, S satisfies the same inclusion.
This fact, together with Assumption 2, yields that

7(Dx)F (vo,v0) = T(Dx ) F (Vn.tins Un.tin )
and we can then conclude as in the proof of Theorem 6 that
V0 = Un.lin + Vlin-

Commentary. We have proved that among all the potentially resonant
components of the initial condition, only those which have frequency +(wz, —
wiz) are effectively resonant. The frequency wg := wr — wia is the Stokes
frequency we introduced in Section 1. In the graph of C, we have taken
Wq = wr, +wi2 > wis, so that the anti-Stokes lines do not occur; the analysis
would be of the same kind taking them into account. All the other potentially
resonant components are not affected by the nonlinearity, and therefore are
not amplified.
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The nonlinearity thus chooses only density functions of horizontal one-
dimensional support at the Stokes frequency, among all the density functions
possibly present in the initial condition. Whether this component will be
amplified or not then depends on the coefficients of F', but if something is
effectively amplified it has necessarily the Stokes frequency, and its oscillating
spectrum satisfies the relation given in the theorem.

One could object that since this amplified oscillation has an oscillating
spectrum of the same kind as the one observed with the spontaneous Raman-
scattering, the emission should also be isotropic. However, one observes
experimentally that the light is emitted in a narrow cone in the forward and
in the backward direction. In order to explain this apparent discrepancy,
assume that a component vé of the approximate solution vy may be read as
a density function of support Q and density o € C(Q, (C([0, T], H*(RH)N))).
That is, one has

ob(t . X) = / X Ea(€) (1 y)o (de).

Q

In the spontaneous Raman scattering, the time dependence of «(§) is found
by solving a transport equation for all £. In the stimulated Raman scattering,
this is no longer the case and the time dependence is now nonlinear and
traduces the amplification. Even in simple examples, one can notice that
this amplification is nonisotropic, so that even if the light is emitted in all
the directions, its intensity may strongly depend on the direction. Therefore,
in the case of the stimulated Raman scattering, one can think that the
amplification factor a(&) takes its strongest values in the bold part of € in
the following graphic.

With such an «, the most intense part of the emitted light is then in a
narrow cone in the forward and in the backward direction, as experimentally
observed.
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