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Abstract. Oscillating approximate solutions to nonlinear hyperbolic dispersive systems are studied. Ansatz of three scales are
used in order to deal with diffractive effects. The scaling of the approximate solutions is chosen so that diffractive, dispersive
effects and rectification are present in the leading term.

The propagation along the rays of geometrical optics of the oscillating Fourier coefficients of the leading terms is corrected by
a Schrödinger dispersion which appears for long times only. The propagation of the nonoscillating Fourier coefficient depends
on the properties of a symmetric hyperbolic system, whose characteristic variety is the tangent cone at 0 to the characteristic
variety of the initial operator.

Equations determining the leading term require a sublinear growth condition for the corrector and the inroduction of the
analytical “average operators” which convey this sublinear growth condition in a simple way and sort the nonlinearities out.

In the last part, detailed physical examples are given.

1. Introducing the problem and the first profile equations

1.1. Setting up the problem

The aim of this paper is to construct approximate solutions to the nonlinear symmetric hyperbolic
system of equations

Lε(v,∂x)v + F (v) = 0, (1)

where the principal part is the quasilinear operator

Lε(.,∂x) := L1(.,∂x) + L0/ε :=
d∑

µ=0

Aµ(.)∂µ + L0/ε.

We want to study the behavior of high frequency solutions to this dispersive problem for time scales
at which diffractive, dispersive and nonlinear effects (as rectification) are present in the leading term of
approximate solutions.

The termL0 induces dispersion of the different frequencies; that is why the effects here described
differ qualitatively from those described in [7] where one hasL0 = 0.

In the last section, we give physical examples where these phenomena occur.
As in [5] and [7], we seek ansatz with three scales (such a structure being typical of diffractive geo-

metric optics)

uε(x) = εpu(ε,εx,x,x · β/ε), (2)
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where

u(ε,X,x,θ) = a(X,x,θ) + εb(X,x,θ) + ε2c(X,x,θ). (3)

Herex = (t,y) ∈ R1+d, β = (τ ,η) ∈ R1+d and the profilesa(X,x,θ), b(X,x,θ) andc(X,x,θ) are
smooth with respect toX,x,θ and periodic inθ.

The exponentp is a critical exponent for which the time scales for diffractive and nonlinear effects are
the same.

Since the above expansion is used for timest ∼ 1/ε one must actually control the growth of the profile
in t. In order for the correctorb to be effectively smaller than the leading terma for such times, we want
it to satisfy thesublinear growth conditionintroduced in [5]:

lim
t→∞

1
t
‖∂γX,x,θb(T ,Y , t,y,θ)‖L2([0,T ]×RdY ×Rdy×T) = 0, (4)

for all γ ∈ N2d+3.
The following assumption expresses the symmetric hyperbolicity of our problem (1).

Assumption 1(symmetric hyperbolicity). The coefficientsAµ are smooth real hermitian symmetric val-
ued functions ofu on a neighborhood of0 ∈ CN , and, for eachu,A0(u) is positive-definite.

We also assume that the system is conservative in the sense thatL∗0 = −L0.

Remark. Thanks to the assumption made onA0(u), we can make the change of dependant variable to
A0(0)−1/2u. Multiplying the resulting equations byA0(0)−1/2 preserves the hypotheses and reduces to
the caseA0(0) = I.

From now on, we will takeA0(0) = I.

By the way, we also make the following assumption on the order of the nonlinearities:

Assumption 2(order of nonlinearities). The quasilinear terms are of order26 K ∈ N which means

|α| 6 K − 2 ⇒ ∂αReu, Imu

∣∣Aµ(u)−Aµ(0)
∣∣
u=0 = 0.

Thus,Aµ(u)−Aµ(0) = O(|u|K−1) and the quasilinear term,(Aµ(u)−Aµ(0))∂µu, is of orderK.
As for the semilinear termF , we assume it is smooth on a neighborhood of0 ∈ CN , and of order

J > 2 which means

|γ| 6 J − 1 ⇒ ∂
γ
Reu, ImuF (0) = 0.

Then,F (u) = O(|u|J ).

As usual we have to chose the scaling of the problem, i.e., the size of the solutions we are looking
for. We must therefore chose the exponentp. The standard normalization, whose goal is having a time of
nonlinear interaction of orderε−1, is the followingstandard normalization:

p = max
{

2
K − 1

,
1

J − 1

}
.
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In the approximate solution we are looking for, only the leading order nonlinear terms will be of
importance; we now define them:

Definition 1 (leading order nonlinear terms). Ifp = 2/(K − 1), the degreeK − 1 Taylor polynomial of
Aµ(u)−Aµ(0) atu = 0 is denotedΓµ(u).

If p < 2/(K − 1), setΓµ := 0 for all µ.
If p = 1/(J − 1), letΦ(u) denote the degreeJ Taylor polynomial ofF atu = 0. If p < (J − 1), set

Φ := 0.

1.2. Equations for the profiles

Plugging (2) into Eq. (1) and applying the chain rules leads to

Lε
(
uε,∂x

)
uε + F (uε) =

[
L

(
εpu,ε∂X + ∂x +

β

ε
∂θ

)
εpu+ F (εpu)

]
X=εx, θ=x·β/ε

.

Now plugging expansion (3) ofu into this equation and expanding the function of (X,x,θ) in brackets
in powers ofε gives the following result:

Lemma 1. Suppose thata, b, c are smooth functions on[0,T ] × Rd × R1+d × T and thatu is given
by (3). Then

Lε
(
εpu,ε∂X + ∂x +

β

ε
∂θ

)
εpu+ F (εpu)

= εp−1r0(X,x,θ) + εr1(X,x,θ) + ε2r2(X,x,θ) + ε2l(ε,X,x,θ), (5)

where therj(X,x,θ) are given by

r0 =
(
L0 + L1(0,β)∂θ

)
a,

r1 =
(
L0 + L1(0,β)∂θ

)
b+ L1(0,∂x)a,

r2 =
(
L0 + L1(0,β)∂θ

)
c+ L1(0,∂x)b+ L1(0,∂X )a+ Φ(a) +

d∑
µ=0

βµΓµ(a)∂θa.

The functionl(ε,X,x,θ) depends on the functionsa, b, c, is periodic inθ and each of its derivatives with
respect toX,x,θ is continuous on[−1, 1]× R1+d × R1+d × T.

Our stategy is to choosea, b andc so that one hasrj = 0 for j = 0, 1, 2. Thanks to the above lemma,
this is equivalent to the following equations:(

L0 + L1(0,β)∂θ
)
a = 0, (6)(

L0 + L1(0,β)∂θ
)
b+ L1(0,∂x)a = 0, (7)

(
L0 + L1(0,β)∂θ

)
c+ L1(0,∂x)b+ L1(0,∂X )a+ Φ(a) +

d∑
µ=0

βµΓµ(a)∂θa = 0. (8)
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Notations: From now on, when no mistake is possible, we will writeLε(∂x) andL1(∂x) instead of
Lε(0,∂x) andL1(0,∂x).

The nonlinearity due to quasilinearity will be noted

Ψ (a) :=
d∑

µ=0

βµΓµ(a)∂θ(a).

1.3. A brief commentary on these equations

As usual in geometric optics, (6) will impose resolubility conditions on the Fourier coefficientsan
of a. Indeed, if we wantan to be a non-trivial solution to (6), it is well known thatnβ must belong to the
characteristic variety CharL of the symbolL(τ ,η) := τI +

∑
ηµAµ(0) + L0/i. The projectorπ(nβ) on

kerL(nβ) is in that case non-zero, and one must haveπ(nβ)an = an. This is an algebraicresolubility
conditionwhich will be useful to derive necessary conditions ona from Eqs. (6)–(8).

The projectorsπ(nβ) are also used to exploit Eq. (7), which is often referred to as the “transport
equation”. It is well known indeed thatTn(∂x) := π(nβ)L1(∂x)π(nβ) is a scalar transport operator when
nβ is a smooth point of CharL, and thatan annihilatesTn.

The case of the non-oscillating coefficienta0 is singular since 0 is often a crosspoint of CharL. In [7],
the non-dispersiveL0 = 0 case has been considered: one then hasπ(0) = Id. In that case the operator
T0 := π(0)L1(∂x)π(0) annihilated bya0 coincides with the original operatorL1. In this paper we have
to deal with the dispersive case whereL0 6= 0 and, therefore,π(0) 6= Id andT0 6= L1. We thus have
to study this new operatorT0. We will prove that its characteristic variety is the tangent variety at 0
to CharL, in a sense to be precised later. We can also decomposea0 into simpler waves, using the
spectral decomposition of the symbol ofT0. Indeed,T0(∂x)a0 = 0 implies the following decomposition
(cf. Section 2.5):

a0(X, t,y) =
∑
α

eitτ0
α(Dy)Eα(Dy)f (X,y),

where the functionsτ0
α parametrize CharT0 andEα(Dy) are the pseudo-differential orthogonal projectors

associated to the spectral decomposition ofT0. We will denoteAf the set of allα such theτ0
α parametrizes

a flat part of CharT0, andAc its complementary.
In order to determine the profilea, we still lack a few necessary conditions; they may be obtained using

the sublinear growth condition (4). We work indeed with times O(1/ε) for which diffractive and disper-
sive effects, as well as rectification are not negligible. The sublinear growth condition (4) is therefore a
non-trivial constraint. We recall thatπ(β) has been introduced to derive resolubility conditions from (6).
In this paper we introduce a new kind of projectors called “average projectors”. They are of analytical
nature and are used to derivenew resolubility conditionsfrom the sublinear growth condition (4). These
resolubility conditions take the form of a Schrödinger-like equation with respect to the slow time scaleT ,
which involves symmetric second order operators denotedRn and nonlinearities involving thean and
a0,f transported at the same speed, denotedgn(aj,a0,f ).

It will then be possible to determine the profilea.

Theorem 1. Leth(Y ,y,θ) be a trigonometric polynomial inθ with Fourier coefficientshn = π(nβ)hn.
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There existsT∗ > 0 and a uniquea(T ,Y , t,y,θ) such thatπ(nβ)an = an for all n, satisfying the
initial condition a(0,Y , 0,y,θ) = h(Y ,y,θ) at T = t = 0 together with the evolution equations

Tm(∂x)am = 0 for all m,

and

Tn(∂X)π(nβ)an + iRn(∂y)π(nβ)an + π(nβ)gn(aj,a0,f ) = 0,{
∂T + vf · ∂Y + iEf (Dy)R0(∂y)

}
Ef (Dy)a0,f +Ef (Dy)gf (aj ,a0,f ) = 0,{

∂T + τ0
c (DY ) + iEc(Dy)R0(∂y)

}
Ec(Dy)a0,c = 0,

for n 6= 0, f ∈ Af andc ∈ Ac.

Remark. The nonlinearities couple the evolution equations for thean and thea0,f , if they are transported
at the same speed. If, for instance, all thean are transported at different speeds, and if there is no flat
part in CharT0, then all the evolution equations above are linear, and in particular rectification does not
occur.

It is then easy to find the correctorsb andc. Once proved the existence of the approximate solution
u = a + εb + ε2c, we will prove that its remainder is small and an essential stability theorem: the
approximate solutionu just defined remains close to an exact solution to problem (1), for times O(1/ε).

Theorem 2. Letvε be the exact solution to the initial value problem

Lε
(
vε,∂x

)
vε + F (vε) = 0, vε|t=0 = uε|t=0.

Then, there existsT− > 0 so that

(i) For eachT ∈ ]0,T−[ and forε small enough,vε exists and is smooth on[0,T/ε] ×Rd.
(ii) We can writevε = εpVε(t,y,y · η/ε) anduε = εpUε(t,y,y · η/ε), with Uε,Vε ∈ C∞([0,T/ε];

H∞(Rd × T)), and one has, for alls,

lim
ε→0

sup
06t6T/ε

∥∥Uε(t)− Vε(t)∥∥Hs(Rd×T) = 0.

2. Algebraic analysis of Eqs (6)–(8)

2.1. Algebraic resolubility conditions

Definition 2. For β = (τ ,η) ∈ R1+d, π(β) denotes the linear projection on the kernel ofL(β) :=
τI +

∑d
µ=1 ηµAµ(0) + L0/i along its range, andQ(β) is the partial inverse defined by

Q(β)π(β) = 0 and Q(β)L(β) = I − π(β).



116 D. Lannes / Dispersive effects for nonlinear geometrical optics

Thanks to symmetric hyperbolicity, one observes thatπ(β) andQ(β) are hermitian symmetric and, in
particular, thatπ(β) is an orthogonal projector.

We also introduce the following operators which act on trigonometric polynomials:

Definition 3. If b(X,x,θ) is a trigonometric polynomial given byb(X,x,θ) =
∑
n bn(X,x)einθ, then

we defineΠ(β) by

Π(β)b(X,x,θ) :=
∑
n

π(nβ)bn(X,x)einθ.

Similarly, we define the operatorsQ(β) andL (β).

We can now formulate the straightforward following lemma which expresses the resolubility condition
of an equation of the typeL(β)x = y.

Lemma 2. For x,y ∈ RN , one has the equivalence

L(β)x = y ⇒ π(β)y = 0 and x = π(β)x+Q(β)y.

The same property also holds for the operatorsΠ, Q andL .

2.2. Consequences for the profile equations

We can now apply the above lemma to our Eqs (6)–(8).
Equationr0 = 0: On the Fourier coefficients ofa, (6) reads iL(nβ)an = i(L1(nβ) + L0/i)an = 0.
We make here the following assumption:

Assumption 3. If L(β) is non-invertible,L(nβ) is non-invertible for only a finite number ofn ∈ Z. Let
us denoteN the set of such non-zero values ofn.

Remark. In order to satisfy this assumption it is sufficient to haveL1(β) invertible, which is the case in
all the physical examples we have met.

In order to have non-trivial solutions to the above equation, we takeβ such that detL(β) = 0 (we will
introduce in the next section the characteristic variety ofLwhich is the set of all suchβ). The assumption
thus forcesan to be equal to 0 for almost all values ofn. Therefore,a is a trigonometric polynomial of
degree at most supN .

Equation (6) then readsL (β)a = 0, and Lemma 2 says this is equivalent to

a = Π(β)a. (9)

Equation r1 = 0: Since we know thata is a trigonometric polynomial, it is easy to see with the
same reasoning as above thatb is also a trigonometric polynomial. Equation (7) then reads iL (β)b =
−L1(∂x)a.

Thanks to Lemma 2, this is equivalent to

Π(β)L1(∂x)a = 0 and b = Π(β)b+ iQ(β)L1(∂x)a.
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Thanks to (9), this reads

Π(β)L1(∂x)Π(β)a = 0 and
(
I −Π(β)

)
b = iQ(β)L1(∂x)Π(β)a. (10)

Equationr2 = 0: Sincea andb are trigonometric polynomials, it is quite easy to see that so areΦ(a),
Ψ (a) andc. Equation (8) thus reads iL (β)c = −L1(∂x)b− L1(∂X )a− Φ(a)− Ψ (a).

Thanks to Lemma 2, this is equivalent to

Π(β)L1(∂x)b+ Π(β)L1(∂X)a+ Π(β)
(
Φ(a) + Ψ (a)

)
= 0

and

(
I −Π(β)

)
c = iQ(β)L1(∂x)b+ iQ(β)L1(∂X )a+ iQ(β)

(
Φ(a) + Ψ (a)

)
. (11)

The first of these two equations with the help of (10) gives

Π(β)L1(∂x)Π(β)b = −iΠL1(∂x)QL1(∂x)Πa−ΠL1(∂X )Πa−Π(β)
(
Φ(a) + Ψ (a)

)
. (12)

2.3. About the operatorΠ(β)L1(∂x)Π(β)

We have met in the previous section conditions of the typeL(β)x = 0; in order to have non-trivial
solutions to this equation, we need to have detL(β) = 0. That is why we introduce the characteristic
variety:

Definition 4 (characteristic variety). The characteristic variety of the operatorL is defined by

CharL =

{
β = (τ ,η) ∈ R1+d, det

(
τI +

d∑
µ=1

ηµAµ(0) + L0/i

)
= 0

}
.

Remark. If L0 were not here, that is, if the problem were not dispersive, this variety would be homoge-
neous; it is no longer the case here, that is why Assumption 3 makes sense.

Thanks to symmetric hyperbolicity, the polynomial equation inτ defining CharL, detL(τ ,η) = 0,
has real roots for allη and, therefore, one can parametrize CharL by η onRd with a finite number of
functionsτi(η):

det
(
τi(η),η

)
= 0, ∀η ∈ Rd.

Such a variety may have singular points; these are the points where the multiplicity of the roots of the
polynomial inτ , det(L(β)) changes, i.e., the points where the graphs of the functionsτi intersect. The
origin 0∈ R1+d is often singular, and we will make the following assumption:

Assumption 4. The singular points ofCharL are isolated and located onRτ × {0} Rd .



118 D. Lannes / Dispersive effects for nonlinear geometrical optics

It follows that for eachη 6= 0 the numbers of distinctτi(η) (i.e., the number of distinct sheets of
CharL) is the same.

It also follows that everyτi belong toC∞(Rd\{0}).
In Eqs (10), (12) derived in the previous section, operators involvingΠ(β),Q(β) andL1(∂x),L1(∂X)

appeared. Whenβ corresponds to a smooth point of the characteristic variety ofL, these operators admit
simple scalar expressions. It is no more the case whenβ is singular.

Proposition 1. If β = (τi(η),η) is a smooth point of the characteristic variety ofL, then

π(β)L1(∂x)π(β) = π(β)
(
∂t − τ ′i(η) · ∂y

)
and

π(β)L1(∂x)Q(β)L1(∂x)π(β) =
1
2
π(β)τ ′′i (η)(∂y ,∂y).

Proof. See [5], for instance. 2

The first part of this proposition implies that the characteristic variety ofπ(β)L1(∂x)π(β) is the tangent
plane to CharL in β. This property, as we show now, remains true ifβ = 0 is singular, though we do not
have the exact expression ofπ(0)L1(∂x)π(0).

Proposition 2. Suppose thatβ = 0 is an isolated singular point ofCharL. Then,Charπ(0)L1(∂x)π(0)
is the tangent cone ofCharL at 0.

Remark. By tangent cone at a singular point we mean the contingent cone, as in [3]. Letfi, i = 1,. . . ,s,
be s functions ofD(Rd) such thatf1(0) = · · · = fs(0) = 0. The contingent cone atη = 0 of the set
K := {(fi(η),η), η ∈ Rd, i = 1,. . . ,s} is given by

TK(0) :=
{
(u,v) ∈ R1+d, ∃i, u = dfi(0,v)

}
,

where dfi(0,v) denotes the directional derivative offi at the point 0 and in the directionv. It is not
necessary for thefi to be inD(Rd), but these directional derivatives must exist.

Proof. In this proof we will denote byτ1(η) for i = 1,. . . ,s the functions parametrizing CharL and
whose value is 0 in 0, andπi(η) := π(τi(η),η) the orthogonal projectors on ker(τi(η)I+

∑
ηµAµ+L0/i),

for η 6= 0. Introduce also the global projectorP (η) := π1(η) + · · · + πs(η), for η 6= 0. Forη = 0, one
takes of courseP (0) := π(0).

The result we want to prove is thus the following:

Charπ(0)L1π(0) =
{
(u,v) ∈ R1+d, ∃i, u = dτi(0,v)

}
. (13)

(1) The projectorP is C∞ in a neighborhood of 0; this is a consequence of the following expression
of P :

P (η) :=
1

2iπ

∫
C(0,r)

(
zI − i

∑
ηµAµ − L0

)−1
dz,
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wherer is small enough, so that there are no other roots than theτi, i = 1,. . . ,s, inD(0,r).
(2) We now have to prove that the directional derivatives dτi(0,v) make sense, which is not obvious

sinceτi is not differentiable at 0. We have to prove that the directional derivative dτi0(v/n,v) admits a
limit dτi0(0,v) whenn→∞.

It is sufficient to prove that the functiont ∈ R → dτi0(tv,v) defined on ]0, 1] with value inR can be
extended by continuity in 0.

Since this function is semi-algebraic continuous on ]0,r], it is sufficient to prove that it is bounded
(see [2, Proposition 2.5.3]).

We introduce here the functionτP defined byτP (η) := τ1(η)π1(η)+· · ·+τs(η)πs(η), for η ∈ Rd\{0}
andτP (0) := 0.

The functionτP isC∞ in a neighborhood of 0 since it has the following expression:

τP (η) =
1

2iπ

∫
C(0,r)

z
(
zI − i

∑
ηµAµ − L0

)−1
dz.

By the way, one has, forη 6= 0,

(τP )′(η) =
s∑
i=1

(
τ ′i(η)πi(η) + τi(η)π′i(η)

)
. (14)

Sinceπiπj = δi,jπi, one hasπi(η)π′j(η)πi(η) = 0, for all i andj.
Multiplying (14) on both right and left sides byπi0(η) thus yields

πi0(η)(τP )′(η)πi0(η) = τ ′i0(η)πi0(η).

Taking the norm of both sides of this equality yields

∥∥τ ′i0(η)
∥∥ 6 ∥∥(τP )′(η)

∥∥.
SinceτP (η) is C∞ on a neighborhood of 0, it is bounded; therefore,τ ′i0(η) is bounded and, a fortiori,
t→ dτ (tv,v) is bounded.

As said above, we can therefore extend the directional derivatives in 0 and we denote dτi0(0,v) its
value.

(3) We now want to prove the direct inclusion in (13).
Let (u,v) ∈ R1+d andx = π(0)x 6= 0 so thatπ(0)L1(u,v)π(0)x = 0. This relation says that (u,v) is

in Charπ(0)L1π(0).
The first step is the following property: there exists ani0 such that

(
u− dτi0(v/n,v)

)
πi0(v/n)x→ 0 whenn→ 0. (15)

SinceP (0) = π(0) andP is continuous, one has

P (v/n)L1(u,v)P (v/n)x→ 0 whenn→∞.
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Sincev/n 6= 0 corresponds to a smooth point of CharL, replacingP by its expressionP = π1+ · · ·+πs
and using Proposition (1) yields

s∑
i=1

(
u− dτi(v/n,v)

)
πi(v/n)x +

∑
k 6=l

πk(v/n)
∑
µ

vµAµπl(v/n)x→ 0. (16)

But, thanks to a continuity argument,

π1(v/n)x+ · · ·+ πs(v/n)x = P (v/n)x→ x 6= 0.

Thus, there existi0 such thatπi0(v/n)x9 0.
We then multiply (16) on the left byπi0(v/n). Sinceπiπj = 0 if i 6= j andπ2

i = πi, this yields(
u− dτi0(v/n,v)

)
πi0(v/n)x− πi0(v/n)

∑
µ

vµAµ
∑
k 6=i0

πk(v/n)x→ 0. (17)

By definition of theπi, one has, for allk,

πi0(v/n)
(
τi0(v/n)I +

∑
µ

vµ
n
Aµ + L0/i

)
πk(v/n) = 0.

Thus, it follows that

πi0
∑
µ

vµAµ
∑
k 6=i0

πk(v/n)x = −n
i
πi0(v/n)L0

∑
k 6=i0

πk(v/n)x. (18)

Introduce the matrixM0 such thatM0 = M∗0 ,M2
0 = L0/i and kerM0 = kerL0. We then have∥∥πi0(v/n)L0πk(v/n)x

∥∥ 6 ∥∥P (v/n)M0‖2
∥∥x‖. (19)

The mappingφ : y → P (y)M0 is C∞ and satisfiesφ(0) = 0. From the Mean Value Theorem, we
therefore deduce the existence of a real positive constantM such that∥∥P (v/n)M0

∥∥ 6M/n. (20)

From (18), (19) and (20) we deduce that

πi0(v/n)
∑
µ

vµAµ
∑
k 6=i0

πk(v/n)x→ 0.

This relation together with relation (17) yields (u− dτi0(v/n,v))πi0(v/n)x→ 0.
Thanks to the second point of this proof, Eq. (15) reads (u− dτi0(0,v))πi0(v/n)x→ 0.
But since we have choseni0 so thatπi0(v/n)x9 0, we have shown

u = dτi0(0,v),

thus proving the direct inclusion.
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(4) We now prove the reverse inclusion: let us takeu = dτi0(0,v) andxn = πi0(v/n)xn so that
‖xn‖ = 1 and (xn)n admits a limitx. We have

P (v/n)L1(u,v)P (v/n)x

=
∑
i

(
u− dτi(v/n,v)

)
π(v/n)x+

∑
k 6=l

πk(v/n)
∑
µ

vµAµπl(v/n)x

=
(
u− dτi0(v/n,v)

)
πi0(v/n)x+

∑
k 6=l

πk(v/n)
∑
µ

vµAµπl(v/n)x

(sinceπj(v/n)x = 0 if j 6= i0).
But, with the same arguments as above, we can show that∑

k 6=l
πk(v/n)

∑
µ

vµAµπl(v/n)x→ 0.

And since (u− dτi0(v/n,v))πi0(v/n)x→ (u− dτi0(0,v))x = 0, one has

P (v/n)L1(u,v)P (v/n)x→ 0.

By continuity this yieldsπ(0)L1(u,v)π(0)x = 0. Sincex = π(0)x 6= 0, it follows that (u,v) ∈
Charπ(0)L1π(0) and the reverse inclusion is then proved.

This achieves the proof of the proposition.2

2.4. Another form of the profile equations

For β 6= 0 a smooth point in CharL andn ∈ N (which is a finite set thanks to Assumption 3),
introduce the scalar operatorsTn(∂x):

Tn(∂x) := ∂t − τ ′(nβ) · ∂y,

whereτ ′(nβ) := τ ′i(nη) if nβ = (τi(nη),nη).
We thus haveπ(nβ)L1(∂x)π(nβ) = π(nβ)Tn(∂x).
Forβ = 0 we define

T0(∂x) := π(0)L1(∂x)π(0),

which may not be a scalar operator as were theTn for n ∈ N .
We finally define the operators

Rn(∂y) := π(nβ)L1(∂x)Q(nβ)L1(∂x)π(nβ),

which are scalar with the expression given by Proposition 1 ifn ∈ N and may be matricial ifn = 0.
Equation (10) then reads

Tn(∂x)π(nβ)an = 0 for n ∈ N ∪ {0}, (21)
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and Eq. (12) says, for alln ∈ N ∪ {0},

Tn(∂x)π(nβ)bn = −iRn(∂y)π(nβ)an − Tn(∂X )π(nβ)an − π(nβ)
(
Φ(a)n + Ψ (a)n

)
(22)

(we recall thatΨ (a) :=
∑d
µ=0 βµΓµ(a)∂θa).

2.5. A remark on the equationT0(∂x)a0 = 0

The equationsTn(∂x)π(nβ)an = 0 for n ∈ N are easy to understand since theTn(∂x) are then scalar
transport operators. But when 0 is a singular point of CharL, T0(∂x) is not a scalar operator and the
evolution law fora0 with respect to the variables (t,y) is not as simple as for thean, n ∈ N . However,
sinceT0(∂x) is a non-dispersive symmetric hyperbolic system on the range ofπ(0), one can decompose
a0 into simpler waves.

We first have to say a few words about CharT0. Thanks to Proposition 2, we know that it is the tangent
cone to CharL at 0, which allows us to visualize it. A new difficulty concerning the singular points arises
when treating this new variety; indeed, we have supposed that 0 is at most an isolated singular point of
CharL, but, in general, this property does not hold for its tangent variety CharT0. Moreover, physical
examples where CharT0 admits non-isolated singular points exist (as in the example of ferromagnetism
given in Section 5.5) preventing us from making Assumption 4 on CharT0.

Thus, as in [7], we have to introduce the notion of good and bad wave number.

Definition 5. A wave numberη ∈ Rd \ {0} is good when all the points of CharT0 with Rd coordinate
equal toη are smooth.

The complementary set consists of bad wave numbers.
These sets are respectively denotedG andB.

Proposition 3. (i) B is a closed conic set of measure zero inRd \ {0} .
(ii) G is the disjoint union of a finite family of conic connected open setsΩg ⊂ Rd \ {0}, g ∈ G.
(iii) If λ(η) = −v · η is a root ofdetT0(τ ,η) = 0, then its multiplicity is independent ofη ∈ G.
(iv) If λ(η) is a root ofdetT0(τ ,η) depending smoothly onη ∈ Ωg, then either there isv ∈ Rd such

thatλ(η) = −v · η or λ′′ 6= 0 almost everywhere onΩg.

Proof. See [2,7] and [1]. 2

We can now define the tools we will use to decompose the functiona0 into simpler waves. Before this,
let us precise that in our notations the exponent 0 indicates that we refer to quantities linked toT0 and
not toL. For instance, we will parametrize CharT0 by functionsτ0

i and theπ0(τ0
i (η),η) are the spectral

projectors associated toT0.

Definition 6. Enumerate the roots of detT0(τ ,η) = 0 as follows. LetAf := {1, . . . ,F } denote the
indices of the flat parts, and forα ∈ Af, τ0

α(η) := −vα · η. For g ∈ G andη ∈ Ωg, number the roots
other than the {τ0

α, α ∈ Af } in increasing orderτ0
g,1(η) < τ0

g,2(η) < · · · < τ0
τ ,M (g). LetAc denote the

indices of the curved sheets

Ac :=
{
(g, j), g ∈ G and 16 j 6M (g)

}
.
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LetA := Af ∪ Ac. Forα ∈ Af andη ∈ Rd, defineEα(η) := π0(−vj · η,η). Forα ∈ Ac, define

Eα(η) :=

{
π0(τ0

α(η),η), for η ∈ Ωg,
0, for η /∈ Ωg.

We can now give, as in [7], the following proposition which decomposes an arbitrary solution of
T0u = 0 as a finite sum of simpler waves.

Proposition 4. (i) For eachα ∈ A, Eα(η) ∈ C∞(G) is an orthogonal projection valued function
positive homogeneous of degree zero.

(ii) For eachη ∈ G, CN is equal to the orthogonal direct sum

CN =
⊕
α∈A

Eα(η)
(
CN

)
.

(iii) The operatorsEα(Dy) := F∗E(η)F are orthogonal projectors onHs(Rd), and for eachs ∈ R,
Hs(Rd) is equal to the orthogonal direct sum

Hs(Rd) =
⊕
α∈A

Eα(Dy)
(
Hs(Rd)).

(iv) The solution of the initial value problem defined on rangeπ(0)

T0(∂x)u = 0, u|t=0 = f ,

is given by the formula

û(t, ξ) =
∑
α∈A

ûα(t, ξ) :=
∑
α∈A

eitτ0
α(ξ)Eα(ξ)f̂ (ξ).

Thus, one hasa0 = π(0)a0 :=
∑
α∈A a0,α, with

∂ta0,α = iτ0
α(Dy)a0,α and Eα(Dy)a0,α = a0,α.

Forf ∈ Af , we will write Tf (∂x) := ∂t + vf · ∂y.

3. The average projectors

3.1. Introducing the average projectors

In the previous section, we have made an algebraic analysis of the profiles equations. Thanks to the
linear projectorsπ we have derived new equations which express resolubility conditions for our system.

However, we have to pursue our analysis in order to eliminateb from Eq. (22); it will involve a new and
different resolubility condition. Indeed, one remembers that we want the correctorb to have a sublinear
growth. It is not surprising that this constraint imposes new resolubility conditions ona.
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The “average operators” introduced in this paper are constructed with this goal in mind. By the way,
we will see that they simplify a lot the nonlinearities of the profile equations, which is essential for their
resolution.

Let us introduce the generic pseudo-differential projectorE(Dy) and the function spaceI.

Definition 7. Let I be the space of all real continuous semi-algebraic functionsλ which are either flat
onRd (i.e., of the formλ(η) = c · η onRd), or never flat on a non-zero measure set.

Remark. The spaceI is defined so that it contains the functionsτi andτ0
i which parametrize CharL

and CharT0.

Until the end of this paper we will denote byT the generic scalar pseudo-differential operator

T (∂x) := ∂t + iλ(Dy),

whereλ belongs toI and, in particular, is real valued.

Definition 8. For allh > 0 andw ∈ C0([0,T0]T ×Rt;H∞(RdY ×Rdy ×Tθ)), we introduce the operator

GhTw(X, t,y,θ) :=
1
h

∫ h

0

(∫
ei(y·ξ+sλ(ξ))ŵ(t+ s, ξ,X,θ) dξ

)
ds.

We also introduce

GTw := lim
h→∞

GhTw,

when this limit exists inC0([0,T0]T × Rt;H∞(RdY × Rdy × Tθ)).

Remark. With this definition it appears that the appellation “average operators” refers to the average we
make in timet. It becomes more obvious if one takes forλ a linear functionλ(η) := v · η. One then gets,
when this limit exists,

GTw(t,y,X,θ) = lim
h→∞

1
h

∫ h

0
w(t+ s,y + sv,X,θ) ds,

and thusGTw is the average ofw along the rays, with respect to the variablex = (t,y).

3.2. Properties of the average operators

We now give four lemmas which describe the properties of the average operators that we will use in
the elimination process.

The first one says that they have no effect on functions annihalatingT .

Lemma 3. If w(X,x,θ) ∈ C0([0,T0]T × Rd;H∞(RdY × Rdy × Tθ)) satisfiesT (∂x)w = 0, thenGTw
exists and one has

GTw = w.
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Proof. SinceT (∂x)w = 0, one hasŵ(X, t, ξ,θ) = e−itλ(ξ)ŵ0(X, ξ,θ), wherew0(X,y,θ) ∈ C0([0,
T0]T ;H∞(RdY × Rdy × Tθ)).

Thus,

GhTw(X, t,y,θ) =
1
h

∫∫ h

0
ei(y·ξ+sλ(ξ))e−i(t+s)λ(ξ)ŵ0(X, ξ,θ) dξ ds

=

∫
eiy·ξe−itλ(ξ)ŵ0(X, ξ,θ) dξ = w(X, t,y,θ). 2

If it happens thatw does not annihilateT (∂x) but another scalar operatorT1(∂x), this is no longer true,
as the following lemma shows.

Lemma 4. If w(X,x,θ) ∈ C0([0,T0]T ×Rt;H∞(RdY ×Rdy×Tθ)) satisfiesT1(∂x)w = 0 withT1(∂x) :=
∂t + iλ1(Dy), and ifλ 6= λ1 almost everywhere onRd, then

GTw = 0.

Proof. SinceT1(∂x)w = 0, one hasŵ(X, t, ξ,θ) = e−itλ1(ξ)ŵ0(X, ξ,θ), wherew0(X,y,θ) ∈ C0([0,
T0]T ;H∞(RdY × Rdy × Tθ)) and

∥∥ĜhTw(T , ., t, ., .)
∥∥2
L2(RdY ×Rdξ×Tθ) =

1
h2

∫ ∣∣∣∣ ∫ h

0
ei(y·ξ+sλ(ξ))e−i(t+s)λ1(ξ)ŵ0(X, ξ,θ) ds

∣∣∣∣2 dY dξ dθ

=

∫ ∣∣ŵ0(X, ξ,θ)
∣∣2∣∣∣∣1h

∫ h

0
eis(λ(ξ)−λ1(ξ)) ds

∣∣∣∣2 dY dξ dθ.

But whenλ(ξ) 6= λ1(ξ), one has

1
h

∫ h

0
eis(λ(ξ)−λ1(ξ)) ds→ 0 whenh→∞.

It is then easy to conclude, thanks to Lebesgue’s Dominated Convergence Theorem, that theL2 norm
tends to 0 whenh→ 0. The same results yields for theHs norms. 2

We recall that we have constructed the operatorsG in order to give resolubility conditions linked to
the sublinear growth property.

The following lemma will be of importance to give such conditions.

Lemma 5. If w(X,x,θ) ∈ C0([0,T0]T × Rt;H∞(RdY × Rdy × Tθ)) satisfies the sublinear growth prop-
erty (4), thenGT T (∂x)w is well defined and satisfies

GTT (∂x)w = 0.
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Proof. By definition ofGhT , one has

GhTT (∂x)w(X, t,y,θ) =
1
h

∫ h

0

∫
ei(y·ξ+sλ(ξ))(∂tŵ + iλ(ξ)ŵ

)
(X,t+s,ξ,θ) dξ ds

=

∫
eiy·ξ 1

h

∫ h

0

d
ds

(
eisλ(ξ)ŵ

)
(X,t+s,ξ,θ) dξ ds

=

∫
eiy·ξ 1

h

(
eihλ(ξ)ŵ(X, t+ h, ξ,θ)− ŵ(X, t, ξ,θ)

)
dξ ds

=
1
h

(
eihλ(Dy)w(X, t+ h,y,θ)− w(X, t,y,θ)

)
.

Thus, ifw satisfies the sublinear growth property, it is quite easy to see that one has

GTT (∂x)w = 0. 2

The last lemma gives an interesting property of the action ofGT on product of functions; it will be
used to simplify the nonlinearities. It says that the result of the action ofGT on a product of functions
is always equal to 0, except when each function of the product is annihilated byT , andT is a transport
operator.

Lemma 6. LetTi(∂x) := ∂t + iλi(Dy), i = 1,. . . ,m, bem (not necessarily distinct) scalar operators
(m ∈ N∗), with theλi belonging toI.

Letwi, i = 1,. . . ,m, bem functions inC0([0,T0]T×Rt;H∞(RdY ×Rdy×Tθ)) such thatTi(∂x)wi = 0
for all i and setw := w1w2 · · ·wm.

If T (∂x) is a transport operator(i.e.,λ(ξ) is linear in ξ) andT (∂x) = T1(∂x) = · · · = Tm(∂x), then

GT (w) = w,

and in every other case, one has

GT (w) = 0.

Proof. In this proof, we will omit to write the variableX andθ. As done before, one can write, for
i = 1,. . . ,m,

ŵi(t, ξ) = e−itλi(ξ)ŵ0
i (ξ),

and, thus, this yields

GhTw(t,y) =
1
h

∫ h

0

∫
ei(y·ξ0+sλ(ξ0))ŵ(t+ s, ξ0) dξ0 ds.
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But one knows that̂w = ŵ1 ∗ · · · ∗ ŵm. Plugging the above expressions of theŵi into this relation gives

ŵ(t+ s, ξ0) =

∫
e−i(t+s)(λ1(ξ1)+λ2(ξ2−ξ1)+···+λm(ξ0−ξm−1))

× ŵ0
1(ξ1)ŵ0

2(ξ2− ξ1) · · · ŵ0
m(ξ0− ξm−1) dξ1 dξ2 · · · dξm−1.

Introduce the functions

W (ξ0, . . . , ξm−1) := ŵ0
1(ξ1)ŵ0

2(ξ2− ξ1) · · · ŵ0
m(ξ0− ξm−1) dξ1 · · · dξm−1,

Theta(ξ0, . . . , ξm−1) := λ(ξ0)− λ1(ξ1)− λ2(ξ2− ξ1)− · · · − λm(ξ0− ξm−1).

We have

GhTw(t,y) =

∫
ei(y·ξ0+t(Theta(ξ0,...,ξm−1)−λ(ξ0)))W (ξ0, . . . , ξm−1)

× 1
h

∫ h

0
eisTheta(ξ0,...,ξm−1) dsdξ0 · · · dξm−1.

The strategy is to show that the average on [0,h] that appears in the above equation tends to 0 when
h→∞ or is a constant equal to 1, and then to apply Lebesgue’s Dominated Convergence Theorem.

The phase that appears in our average integral isTheta, and thus is a continuous semi-algebric function
on (Rd)m.

One knows (cf. [1,2]) that (Rd)m is the union of a set of measure 0 in (Rd)m and of a finite number of
open connected subsetsUk whereThetais a Nash function (that is, aC∞ semi-algebraic function).

It is known ([2, Proposition 8.1.14]) that on eachUk one has the following alternative:

Theta= 0 or dimZ(Theta) < dimUk,

whereZ(Theta) is the zero-variety ofTheta.
Let us examine the first point of this alternative:Theta= 0 onUk means

λ(ξ0)− λ1(ξ1)− λ2(ξ2− ξ1)− · · · − λm(ξ0− ξm−1) = 0 onUk. (23)

If we differentiate this equality twice with respect toξi andξi+1, we get

λ′′i (ξi − ξi−1) = 0 onUk, for i = 2,. . . ,m

(one takesξm := ξ0).
Knowing this fact, we now differentiate twice with respect toξ0 or ξ1 to find

λ′′(ξ0) = λ′′1(ξ1) = 0 onUk.

Thus, on eachUk, one gets

λi(ξi − ξi−1) = ci · (ξ − ξi−1), i > 2,
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and

λ(ξ0) = c · ξ0, λ1(ξ1) = c1 · ξ1,

where thec, ci are vectors ofRd.
We want to show thatc = c1 = · · · = cm.
Equality (23) now reads

ξ0 · (c− cm) + ξ1 · (c2− c1) + · · · + ξm−1 · (cm − cm−1) = 0 onUk.

But sinceUk is open, one can choose, for instance,ξi·(ci+1−ci) = 0 for i > 1. This yieldsξ0·(c−cm) = 0
onUk and thusc = cm.

The same method applied to the other indices yields the desired relationc = c1 = · · · = cm.
Thus, on the open setUk,

λi(ξi − ξi−1) = c · (ξ − ξi−1), i > 2,

and

λ(ξ0) = c · ξ0, λ1(ξ1) = c · ξ1.

Sinceλ andλi belong toI, we can then conclude thatλ(ξ) = λ1(ξ) = · · · = λm(ξ) = c · ξ onRd.
We then have, using Lemma 3,GT w = w.
Let us now examine the second point of the alternative: in this case, the set {(ξ0, . . . , ξm−1), λ(ξ0) −

λ(ξ1)− · · · − λm(ξ0− ξm−1) = 0} is of measure zero.
As in Lemma 4, we can conclude, thanks to Lebesgue’s Dominated Convergence Theorem, that one

hasGT w = 0 and the lemma follows. 2

3.3. Consequences for the profile equations

We are looking for resolubility conditions for Eqs (22).
We first treat the case of Eqs (22) whenn ∈ N . They read

Tn(∂x)π(nβ)bn = −iRn(∂y)π(nβ)an − Tn(∂X )π(nβ)an − π(nβ)
(
Φ(a)n + Ψ (a)n

)
.

Let us introduceGn := GTn .
Thanks to Lemma 5 we are now able to say that the sublinear growth ofb imposesGnπ(nβ)Tn(∂x)×

bn = 0, for alln ∈ N , thus yielding the necessary condition

Gn
{
−iRn(∂y)π(nβ)an − Tn(∂X )π(nβ)an − π(nβ)

(
Φ(a)n + Ψ (a)n

)}
= 0.

From (21) and Lemma 3 it follows thatGn leaves the first two factors of this equation invariant.
We also know how actsGn on the nonlinearities thanks to Lemma 6. The nonlinearities are products of

the componentsan anda0,α of a, and the action ofGn only preserves the products where all the factors
are transported byTn. Thus, the termGnπ(nβ)(Φ(a)n + Ψ (a)n) is aJ- or K-linear function of theai
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with i ∈ N so thatTi(∂x) = Tn(∂x), and of thea0,f with f ∈ Af so thatTf (∂x) = Tn(∂x). Hence, we
can writeGnπ(nβ)(Φ(a)n + Ψ (a)n) under the form

Gnπ(nβ)
(
Φ(a)n + Ψ (a)n

)
:= π(nβ)gn

(
ai, i ∈ N ,a0,α,α ∈ Af,Tn(∂x)ai = Tn(∂x)a0,α = 0

)
.

Our resolubility condition is thus

−iRn(∂y)π(nβ)an − Tn(∂X )π(nβ)an

−π(nβ)gn
(
ai,a0,α,Tn(∂x)ai = Tn(∂x)a0,α = 0

)
= 0. (24)

We now consider the case of Eq. (22) withn = 0,

T0(∂x)π(0)b0 = −iR0(∂y)π(0)a0 − T0(∂X)π(0)a0 − π(0)
(
Φ(a)0 + Ψ (a)0

)
.

We first decomposeT0 into its spectral components, as done in Section 2.5, and then apply the lemmas
of the above section.

Let us introduceGα := GTα ◦ Eα(Dy) for α ∈ A.
As above, we deduce the following resolubility condition from the sublinear growth ofb and from

Lemmas 3–6:

Eα(Dy)
{
R0(∂y)π(0)a0,α − T0(∂X )π(0)a0,α

}
−Gα

(
π(0)

(
Φ(a)0 + Ψ (a)0

))
= 0.

Lemma 6 says we have to consider two cases:
(i) If α = f is inAf then the termGfπ(0)(Φ(a)0 + Ψ (a)0) has to be treated as the termGnπ(nβ)×

(Φ(a)n + Ψ (a)n) above and takes the form

Gfπ(0)
(
Φ(a)0 + Ψ (a)0

)
:= Ef (Dy)π(0)gf

(
ai, i ∈ N ,a0,α,α ∈ Af ,Tf (∂x)ai = Tf (∂x)a0,α = 0

)
.

Our resolubility condition is then

Ef (Dy)
{
−iR0(∂y)π(0)a0,f − T0(∂X )π(0)a0,f

−π(0)gf
(
ai,a0,α,Tf (∂x)ai = Tf (∂x)a0,α = 0

)}
= 0. (25)

(ii) If α = c is in Ac then Lemma 6 says thatGc annihilates the nonlinearities, thus yielding the
resolubility condition

Ec(Dy)
{
−iR0(∂y)π(0)a0,c − T0(∂X)π(0)a0,c

}
= 0. (26)

Remark. We first have to notice that Eq. (26), which givesa0,c for c ∈ Ac is always linear.
On the other hand, Eqs (24) and (26) which givean for n ∈ N anda0,f for f ∈ Af may be nonlinear.
If nonlinearities are present in Eq. (25), there may be rectification, i.e., creation of a non-oscillating

component by the interaction of two or more oscillating components. Looking at the interacting factors
and using Proposition 2 yields that this can occur only if the tangent variety at 0 of CharL (that is,
CharT0) contains a flat part which is also a tangent plane to CharL at a smooth point.
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4. The approximate solutionuε and its properties

4.1. Equations (24)–(26) determinea

In Lemma 1, we have given the expression of the termsr0, r1 andr2 appearing in the expansion in
powers ofε of the residual. Equations (6)–(8) must be satisfied if we want to haver0 = r1 = r2 = 0.

From these equations, we have derived necessary conditions ona, b, c. These necessary conditions
essentially came from resolubility conditions expressed with the operatorsπ(β) andGT .

We have thus obtained the necessary conditions (24)–(26); we now prove that these conditions, to-
gether with necessary conditions (21), completely determinea.

Theorem 3. Leth(Y ,y,θ) be a trigonometric polynomial inθ with Fourier coefficientshn = π(nβ)hn ∈
H∞(Rd × Rd).

There existsT∗ > 0 and a uniquea(T ,Y , t,y,θ) such thatΠ(β)a = a, satisfying the initial condition
a(0,Y , 0,y,θ) = h(Y ,y,θ) at T = t = 0 together with the evolution equations

Tm(∂x)am = 0 for all m ∈ N ,

and

Tn(∂X)π(nβ)an + iRn(∂y)π(nβ) + π(nβ)gn(aj,a0,f ) = 0,{
∂T + vf · ∂Y + iEf (Dy)R0(∂y)

}
Ef (Dy)a0,f +Ef (Dy)gf (aj ,a0,f ) = 0,{

∂T + τ0
c (DY ) + iEc(Dy)R0(∂y)

}
Ec(Dy)a0,c = 0,

for n 6= 0, f ∈ Af andc ∈ Ac.
Moreover,a satisfies, for all0< T < T∗ and allα ∈ N2d+3,

sup
06T6T

sup
t∈R

∥∥∂αT ,Y ,t,y,θa(T , ., t, ., .)
∥∥
L2(RdY ×Rdy×T) <∞. (27)

Remark. Each coefficient ofa thus satisfies 2 equations, one int and one inT , together with an initial
condition atT = t = 0. This is quite unusual since such a Cauchy problem is normally overdetermined
and admits no solution. Applying the average projectorsG to the nonlinearities, we have indeed removed
the terms which would have prevented us to find a common solution to these equations.

Proof. We want to find solutions to Eqs (24)–(26), so that one has

Tn(∂x)an = 0 for n ∈ N

and

∂ta0,α + iτ0
α(Dy)a0,α = 0 for α ∈ A.

We thus seek solutions to this system under the forman(X, t,y) = an(X,y − tvn) for n ∈ N ,
a0,f (X, t,y) = a0,f (X,y − tvf ) for f ∈ Af , anda0,c(X, t,y) = eitτ0

c (Dy)a0,c(X,y) for c ∈ Ac.
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We have seen that the nonlinearity appearing in Eq. (24)n and denotedgn is a product of terms
aj and a0,f all transported byTn. Thus we can writegn(aj(X, t,y),a0,f (X, t,y)) under the form
gn(aj ,a0,f )(X,y − tvn).

Equation (24)n is thus equivalent to

Tn(∂X)π(nβ)an + iRn(∂y)π(nβ)an + π(nβ)gn(aj,a0,f ) = 0. (28)

For the same reason, Eq. (25)f can read

∂TEf (Dy)a0,f + vf · ∂YEf (Dy)a0,f

+ iEf (Dy)R0(∂y)Ef (Dy)a0,f +Ef (Dy)gf (aj,a0,f ) = 0, (29)

and Eq. (26)c becomes

∂TEc(Dy)ac + τ0
c (Dy)Ec(Dy)a0,c + iEc(Dy)R0(Dy)Ec(Dy)a0,c = 0. (30)

Some of these equations are coupled; indeed, the nonlinearities in (28)n and (29)f involve the same
unknown functionsaj anda0,α if Tn = Tf .

Let us solve a system of coupled equations; it is of the form{
∂Tπ(nβ)an − τ ′(nβ) · ∂Y π(nβ)an + iRn(∂y)π(nβ)an + π(nβ)gn = 0,

∂TEf (Dy)a0,f + vf · ∂YEf (Dy)a0,f + iEfR0(∂y)Efa0,f +Ef (Dy)gf = 0,

for all n andf such thatTn = Tf .
We will solve the following system derived from the precedent by omitting the polarizing termsπ(nβ)

andEf (Dy) in factor of∂T :{
∂Tφn − π(nβ)τ ′(nβ) · ∂Y φn + iRn(∂y)φn + π(nβ)gn = 0,

∂Tφ0,f + vf · ∂YEf (Dy)φ0,f + iEf (Dy)R0(∂y)Ef (Dy)φ0,f +Ef (Dy)gf = 0.

Simple Picard iterates for this system with evolution in variableT lead us to conclude to the local ex-
istence and unicity of a solutionφ := (φn, . . . ,φ0,f ) to the Cauchy problem; by the way, it is easy to
see that∂T (φn − π(nβ)φn) = 0 and∂T (φ0,f − Ef (Dy)φ0,f ) = 0, so that if the initial valueh is well
polarized, so isφ. Takingan = φn anda0,f = φ0,f yields the desired solution. We can do this for all
n ∈ N andf ∈ Af .

It remains to prove the result for the uncoupled Eqs (30), which is quite straightforward.
The proof is thus complete.2

4.2. Findingb andc

We have seen that our necessary conditions (24)–(26) were sufficient to determine the leading terma.
We now determine the correctorsb and c in order to satisfy Eqs (6)–(8). Thanks to (10), one has

(I −Π(β))b = iQ(β)L1(∂x)a.
In order to find the missing componentΠ(nβ)b, we have to solve Eq. (12). Each component of this

equation being a symmetric hyperbolic system, this is possible andΠ(β)b is thus determined.
We then takec so thatc = (I −Π(β))c. It is thus given by Eq. (11), since we now knowa andb.
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4.3. εb+ ε2c is effectively a corrector

The most important thing to prove is thatb as determined in the above section satisfies the desired
sublinear growth condition. It is indeed the case, as the following proposition shows.

Proposition 5. The termb determined in the above section verifies the sublinear growth condition

lim
t→∞

1
t

∥∥∂γX,x,θb(T ,Y , t,y,θ)
∥∥
L2([0,T ]×RdY ×Rdy×T) = 0, (31)

for all γ ∈ N2d+3.

Proof. We recall that we have

sup
06T6T

sup
t∈R

∥∥∂αT ,Y ,t,y,θa(T , ., t, ., .)
∥∥
L2(R2d×T) <∞.

Thanks to Eq. (10), it is easy to see that the component (I −Π(β))b has sublinear growth.
It remains to show that the growth ofΠ(β)b is also sublinear.
Forn ∈ N , Eq. (10) reads

Tn(∂x)π(nβ)bn(T ,Y , t,y,θ) = F (T ,Y , t,y,θ), (32)

whereF depends ona, which is already determined.
By the way, the termF verifiesGnF = 0, since this is the resolubility condition that we have satisfied

in Section 4.1 when solving Eqs (24), (25).
SinceTn(∂x) = ∂t − τ ′(nβ) · ∂y, one can integrate Eq. (32):

e−itτ ′(nβ)·ξπ(nβ)b̂n(X, t, ξ,θ) =

∫ t

0
e−isτ ′(nβ)ξF̂ (X, t, ξ,θ) ds

and, thus,

1
t
e−itτ ′(nβ)·Dyπ(nβ)bn(X, t,y,θ) =

1
t

∫ t

0

∫
ei(y·ξ−sτ ′(nβ)ξ)F̂ (X, t, ξ,θ) dξ ds,

which reads also

1
t
e−itτ ′(nβ)·Dyπ(nβ)bn(X, t,y,θ) = π(nβ)GtTn,π(nβ)F.

SinceGnF = 0, the right-hand side of the above relation tends to 0 inC0([0,T0]T ×Rt;H∞(RdY ×Rdy×
Tθ)) whent→∞, thus yielding the desired sublinear relation onπ(nβ)bn for n ∈ N .

The same methods also yields the result forπ(0)b0 which achieves the proof of the proposition.2

The termc does not rise any problem: since it is a function ofa, b and their derivatives we deduce
from (27) and (31) thatε2c is indeed a corrector. We can therefore give the following proposition:

Proposition 6. In our approximate solutiona + εb + ε2c, the termεb + ε2c is a corrector for times
O(1/ε), that is,εb+ ε2c = o(1) asε→ 0.
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4.4. Estimate for the residual

The ansatzuε = εp(a+ εb+ ε2c) is only an approximate solution: it does not satisfy (1) exactly. We
have already computed the residual in Section 1.2 and we now want to prove that it is small.

Proposition 7. With the approximate solutionuε = εpu, the residual

k(ε,X,x,θ) := L

(
εpu,ε∂X + ∂x +

β

ε
∂θ

)
εpu+ F (εpu)

satisfies the following estimates forγ ∈ N2d+3 andT < T∗:

sup
06t6T/ε

∥∥∂γX,x,θk(ε,X,x,θ)
∥∥
L([0,T ]×R2d×T) = o

(
εp+1),

asε→ 0.

Sketch of proof.A detailed proof of a similar proposition can be found in [7].
Since we have takena, b andc in order to haver0 = r1 = r2 = 0, we have the following expression

of the residualk:

k(ε,X,x,θ) = L1(εpu,ε∂X )εp+1b+ L1(ε∂X + ∂x)εp+2c

+
∑
µ

[
Aµ(εpu)−Aµ(0)

]
∂xε

pa+ F (εpu)− Φ(εpa)

+
∑
µ

[
Aµ(εpu)− aµ(0)− Γµ(εpa)

]
βµ/ε∂θε

pu. (33)

Thanks to estimates (27), (31) and to the expression ofc given by (11), it is easy to see that the first two
terms of (33) are o(εp+1).

This property also holds for the other terms of (33): to prove it, one has to use estimates (27), (31),
Taylor’s theorem and Schauder’s lemma.

The residual is therefore o(εp+1) which achieves this sketch of proof.2

4.5. A stability result

At this point, we have shown that there exists an approximate solution to (1) over times O(1/ε) and
whose residual is small. But this does not say that it is close to an exact solution of (1). We thus have to
prove that problem (1) admits an exact solution over times O(1/ε) which remains close to our approxi-
mate solution over such time intervals.

Theorem 4. We recall thatβ = (τ ,η) and that our family of approximate solutions is given byuε =
εpu(ε,εx,x,β · x/ε), withu given byu = a+ εb+ ε2c.

Letvε be the exact solution to the initial value problem

Lε
(
vε,∂x

)
vε + F (vε) = 0, vε|t=0 = uε|t=0.

Then, there existsT− > 0 so that
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(i) For eachT ∈ ]0,T−[ and forε small enough,vε exists and is smooth on[0,T/ε] ×Rd.
(ii) We can writevε = εpVε(t,y,y · η/ε) anduε = εpUε(t,y,y · η/ε), with Uε,Vε ∈ C∞([0,T/ε];

H∞(Rd × T)), and one has, for alls,

lim
ε→0

sup
06t6T/ε

∥∥Uε(t)− Vε(t)∥∥Hs(Rd×T) = 0.

Remark. The theorem remains true ifvε is an exact solution of a small perturbation of problem (1), in
the sense that

Lε
(
vε,∂x

)
vε + F (vε) = εp+1lε(x,y · η/ε), vε|t=0 = uε|t=0 + εpgε(y,y · η/ε),

where for alls ∈ R andj ∈ N,

‖gε‖Hs(Rd×T) → 0, sup
06t6T∗/ε

∥∥(ε∂t)j lε(t)∥∥Hs(Rd×T) → 0.

Proof. The general proof for the quasilinear case involves technical difficulties. We thus refer to [7] for
a general proof.

However, we give a proof for the semilinear case, when the semilinearity is an homogeneous polyno-
mialΦ of degreeJ . The proof is then very simple.

Problem (1) thus reads

Lε(∂x)vε + Φ(vε) = 0.

If we seek solutions of sizeεp, vε(x) = εpv(ε,x), with the same scaling as in Section 1.1, the problem
becomes

Lε(∂x)v + εΦ(v) = 0.

This is the formulation of the problem we will use in this proof, our approximate solution thus beeing
u = a+ εb+ ε2c.

We first prove the existence of an exact solution for times O(1/ε).
The form of our approximate solution invites us to search an exact solution under the formv(ε,x) =
Vε(x,β · x/ε), with Vε(x,θ) periodic inθ.

It is sufficient for this thatVε satisfies[
L1(∂x) +

1
ε

(
L1(β)∂θ + L0

)]
Vε + εΦ(Vε) = 0. (34)

IntroducingGε(∂y,∂θ) :=
∑
µAµ∂µ + (1/ε)(L1(β)∂θ + L0), this equation reads[

∂t +Gε(∂y,∂θ)
]
Vε + εΦ(Vε) = 0. (35)

The change of time scalet′ := εt transforms system (35) into[
∂t′ +

1
ε
Gε(∂y,∂θ)

]
Vε + Φ(Vε) = 0.
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For ε fixed, this is a semilinear conservative symmetric hyperbolic system with constant coefficients.
Since theHs estimates are independant ofε, we deduce the existence and unicity of a solution for times
t′ ∈ [0,T0], with T0 independant ofε.

In our previous time scale, this gives us a solution for timest ∈ [0,T0/ε] to problem (34), which is
what we were looking for.

ForT such that both the approximate and the exact solutions exist on [0,T/ε], we want to prove that
these functions remain close if their initial values are close.

We thus choose the initial conditions so that

Uε −Vε|t=0 = o(1) inH∞
(
Rd × T

)
.

The functionUε satisfies

[
∂t +Gε(∂y,∂θ)

]
Uε + εΦ(Uε) = o(ε),

and substracting Eq. (35) from this one gives the following equation onWε := Uε − Vε:
[
∂t +Gε(∂y,∂θ)

]
Wε + εφε(x,θ)Wε = o(ε),

whereφε is smooth.
Doing again the change of time scalet′ := εt yields

[
∂t′ +

1
ε
Gε(∂y,∂θ)

]
Vε + φε(t′/ε,y,θ)Wε = o(1).

Usual Picard iterates then yields

lim
ε→0

sup
06t′6T

∥∥Wε(t′/ε)
∥∥
Hs(Rd×T ) = 0.

Returning to our previous time scales gives the desired result

lim
ε→0

sup
06t6T/ε

∥∥Uε(t)− Vε(t)∥∥Hs(Rd×T) = 0.

The theorem is thus proved in the semilinear case.2

5. Examples

5.1. A qualitative result

We have seen that each component ofa is entirely determined. But the componentsa0,c for c ∈ Ac

can be neglected, as shows the following proposition, and that is why we may omit to compute them in
the following examples.
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Proposition 8. For c ∈ Ac, one has

lim
t→∞
‖a0,c‖L∞ = 0.

Proof. We give here the main steps of the proof of [7].
For an initial valuewc such thatŵc ∈ C∞0 (Ωg), one has

a0,c(t,y) =

∫
Ωg

ei(τ0
c (ξ)t+y·ξ)ŵc(ξ) dξ.

Thanks to partitions of unity, we can suppose that

∂2τ0
c

∂ξ2
1
6= 0 on suppŵc.

Thanks to Lebesgue’s Dominated Convergence Theorem, it suffices to show that

∀ξ2, . . . , ξd ∈ Rd−1, lim
t→∞

sup
z∈R

∣∣∣∣ ∫ ei(tτ0
c (ξ)+z·ξ1)ŵc(ξ) dξ1

∣∣∣∣ = 0.

Thanks to non-stationnary and stationnary phase theorems, we show that this is true and that the above
integral is in fact O(t−1/2).

This achieves this sketch of proof.2

Remark. The componenta0,c for c ∈ Ac are therefore negligible. One could think that they should be
in the correctorb, thus yielding an indetermination on these componentsa0,c. But we have seen that our
necessary conditions completely determinea andb; thus, there is no indetermination on thea0,c. In fact,
the above proposition shows thata0,c are correctors for theL∞ norm, but not for the normsHs. For these
norms, the termsa0,c can no longer be considered as correctors and, therefore, do not suffer any kind of
indermination.

5.2. One-dimensional case

We want to solveLε(v,∂x)v + F (v) = 0 in the one-dimensional case.
Our operatorLε(∂x) then has the form

Lε(.,∂x) = ∂tI +A(.)∂x + L0/ε.

In this case, Eqs (25), (26) take a peculiar form.
Indeed, there are no curved part in Charπ(0)L1π(0) and the projectorsEf (Dy) are in fact constant

projectors that we will denote byπ0
f .

The decomposition ofa0 seen in Section 2.5 is thus the following:

a0 =
∑
f

a0,f ,
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wherea0,f has the forma0,f (X, t,y) = a0,f (X,y − vf t) and verifiesπ0
fa0,f = a0,f . Thanks to Proposi-

ton 2, we know that thevf are given by the slope of the distinct sheets of CharL at the origin.
Equation (25) thus takes the following form:

∂Tπ
0
fa0,f + vf∂Y π

0
fa0,f + iπ0

fR0(∂y)π
0
fa0,f + π0

fgf = 0.

Therefore, even if the initial value of the non-oscillating component is zero, the presence ofgf (ai,
a0,α,Tfai = Tfa0,α = 0) induces rectification and can create a non-oscillating fielda0.

5.3. Maxwell–Lorentz equations

The Maxwell–Lorentz equations are given by
εEt = εcurlB− εPt,
εBt = −εcurlE,

εPt = Q,

εQt = γE− P.

We can symmetrize it under the form
εEt = εcurlB− εPt,
εBt = −εcurlE,

εPt/γ = Q/γ,

εQt/γ = E− P/γ.

It is a symmetric hyperbolic system which satisfies Assumption 1. As indicated in Section 1.1, we can
consider a new system where the coefficient of∂t is I.

This system readsLε(∂x)U := ∂tU +A(∂y)U + L0/εU = 0 with

A(∂y) =


0 −curl 0 0

curl 0 0 0

0 0 0 0

0 0 0 0

 , L0 =


0 0 0

√
γ I

0 0 0 0

0 0 0 −I
−√γ I 0 I 0

 .
This system describes the Lorentz model. It gives a good description of the physical phenomenons for
very weaks fields. But when the fields get stronger, nonlinearities arise since the polarizationP responds
to the electric field in a nonlinear way. There are two standard models which describe such effects: the
anharmonic oscillator model and the instantaneous nonlinear response (see [4] and [6], for instance). For
each of these two models, the Lorentz model appears to be the linearization atU = 0.

The anharmonic oscillator model induces a semilinearity, and the instantaneous nonlinear response
model a quasilinearity. That is why we now consider the system

Lε(∂x)U := ∂tU +A(U ,∂y)U + L0/εU + F (U ) = 0,

whereA(0,∂y) = A(∂y) andF (0) = 0.
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The characteristic variety is given by

τ2(τ2− 1− γ
)[(
τ2− 1

)(
τ2− |η|2

)
− γτ2]2 = 0.

There are 3 singular points: 0 and±
√

1 + γ. They are isolated and located onRτ × {0} Rd and Assump-
tion 4 is thus satisfied.

This characteristic variety has 7 sheets; 3 of them have 0 value in 0 and are given by

τ0(η) = 0,

and

τ±(η) := ±τ (η) := ±1
2

(√
1 + γ + |η|2 + 2|η| −

√
1 + γ + |η|2 − 2|η|

)
.

The other four are given by

τ1±(η) := ±τ1(η) := ±
√

1 + γ

and

τ2±(η) := ±τ2(η) := ±1
2

(√
1 + γ + |η|2 + 2|η| +

√
1 + γ + |η|2 − 2|η|

)
.

Proposition 2 shows that there is no flat part in CharT0 unless we are in dimensiond = 1. Therefore,
rectification effects can only occur in dimension 1.

In dimensiond > 1, Eq. (25) then says that there is no interaction possible between the oscillating
terms and, therefore, no rectification. We have thus proved that rectification never occurs for these models
in dimensiond > 1, so that if the mean field has initial value 0, it remains equal to 0.

Let us takeβ := (τ+(η),η) 6= 0 ∈ graphτ+, for instance; one then hasN = {1,−1}. Since there is
no rectification, we just have to solve Eq. (24) to determinea1 anda−1.

We first notice thatτ±(η) is of the formτ±(η) = ±f (|η|). Therefore, one has

τ ′±(η) =
±f ′(η)
|η| η and τ ′′±(η)(x,y) =

±f ′′(η)
|η|2

∑
i,j

ηiηjxiyj.

Thus, the operatorsT±1 andR±1 take the form

T±1(∂x) = ∂t −
f ′(|η|)
|η| η · ∂y

and

R±1(∂y) =
1
2
π(±β)

±f ′′(|η|)
|η|2

∑
i,j

ηiηj∂
2
i,j.



D. Lannes / Dispersive effects for nonlinear geometrical optics 139

Fig. 1. Maxwell–Lorentz.

Thus, introducingv(η) := −(f ′(|η|)/|η|)η andα(η) := f ′′(|η|)/|η|2, Eqs (24) read

{
∂T + v(η) · ∂Y ±

i
2
α(η)

∑
i,j

ηiηj∂
2
yi,yj

}
π(±β)a±1 + π(±β)g±(a−1,a1) = 0.

If one has a bilinear semilinearity, this equation is in fact linear since the interaction ofa−1 anda1 cannot
contribute to the first mode of the Fourier expansion.

In dimensiond = 1, CharT0 has only flat parts and, therefore, one can expect rectification effects.
We first compute the slope of the demi-tangent to graphτ+ at 0: it is equal to 1/

√
1 + γ (see Fig. 1).

We now want to find anη0 ∈ R so thatτ ′2+(η0) = 1/
√

1 + γ. By simple computation, one finds the
following solution:

η0 =
−1 +

√
γ + (1 + γ)2

γ
.

We thus chooseβ0 := (τ2+(η0),η0). One then hasN = {1,−1}.
Because of the rectification effects, one has to compute here three coefficients:a1, a−1 anda0.
Equation (24) givesa1 anda−1:{

∂T + τ ′2(η0)∂Y ±
i
2
τ ′′2 (η0)∂2

y

}
π(±β0)a±1 + π(±β0)g±(a−1,a1,a0) = 0, (36)

and, sinceR0 = 0, Eq. (24) which givesa0 reads, using Section 5.2,{
∂T +

1√
1 + γ

∂Y

}
π0

+a0 + π0
+h(a1,a−1,a0) = 0. (37)
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Remark. We have thus proved that for a model whose linearization atU = 0 is the Lorentz model,
rectification may occur because of the presence of the nonlinear termπ0

+h(a1,a−1,a0) in Eq. (37). But
sometimes, this nonlinear term vanishes because of transparency properties of the model. We now dis-
cuss nonlinear effects for two models: the anharmonic oscillator model and the instantaneous nonlinear
response model.

The anharmonic oscillator model: The change here is to model the response of the polarization as
an anharmonic oscillator. This means that the equationε2∂2

tP + P = γE is replaced by a nonlinear
differential equation

ε2∂2
tP +∇V (P) = γE.

As said above, the Lorentz model is a good approximation of this model for weak fields (see [4,6]).
This model is semi-linear with a quadratic semi-linearityB. Simple computations yield that one has

π(0)B = 0. The nonlinearity in Eq. (37) thus vanishes and there is no rectification. The evolution equa-
tion for a0 is thus linear and that is whya0 remains equal to 0 if its initial value is 0. Therefore, the
nonlinearities in Eq. (36) also vanish and the evolution equations fora±1 are also linear. Therefore, there
is no difference between the equation of this particular case (dimensiond = 1 andβ := β0) where
rectification was a priori possible and the general case (dimensiond > 1 and anyβ).

The instantaneous nonlinear response model: The change here is to model the response of the nonlin-
ear polarization as an instantaneous response (see [4,6]). We will take

PN = α|E|2E,

where the constantα is O(1). The global polarization is the sum of this instantaneous cubic term and the
term of Lorentz.

The system reads
εEt = εcurlB− ε∂t(P + α|E|2E),

εBt = −εcurlE,

εPt = Q,

εQt = γE− P.

After symmetrization and a change of dependent variable in order to haveA0(0) = I, this system reads
as the quasilinear system

Lε(∂x)U := A0(U )∂tU +A(∂y)U +
1
ε
L0U ,

where

A0(E,B,P,Q) :=


I + α(2E⊗ E + |E|2I) 0 0 0

0 I 0 0

0 0 I 0

0 0 0 I

 ,
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E ⊗E being the 3× 3 matrix of coefficientsEiEj .
With the notations used in Section 1, the nonlinearity appearing in the profile equations is given by

Ψ (E,B,P,Q) = ατ


(2E⊗ E + |E|2I)∂θE

0

0

0

 .

We recall that we must haveπ(β)U1 = U1 andπ(0)U0 = U0; therefore,E0 andE1 are of the form

E0 :=

 ab
c

 and E1 :=

 0

K

L

 ,

where reality imposesa, b, c ∈ R.
SinceN = {−1, 1}, the contribution of the non-zero component of the nonlinearity to the nonoscil-

lating mode of the Fourier expansion is given by

n0(E) := −4ατ=
{
(E0⊗ E1 + E1⊗ E0 + E0 · E1I)E1

}
,

and it is easy to see that it is equal to 0.
Therefore, rectification does not occur here and, as in the previous model, the nonoscillating terma0

remains equal to 0 if its initial value is 0.
In the anharmonic oscillator model, the nonlinearity was quadratic, and the nullity ofa0 implied that

the evolution equations for the oscillating componentsa±1 were linear. In this model, the nonlinearity is
cubic and this phenomenon does not occur any more.

Remark. Since rectification effects do not occur forβ := β0, what follows remains true for everyβ 6= 0
in CharL. We could also work in dimension greater than one, but the computations would be far heavier.

The contribution of the non-zero component of the nonlinearity to the first mode of the Fourier expan-
sion is given by

n1(E) := 2iατ
(
E1⊗ E1 + E1⊗ E1 + |E1|2I

)
E1.

One then have

n1(E) =

 0

u(K,L) := (3|K|2 + 2|L|2)K +KL2

v(K,L) := (2|K|2 + 3|L|2)L+K2L

 .
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The nonlinearity we need to compute isπ(β)Ψ (E,B,P,Q)1 = π(β)(n1(E), 0, 0, 0). Thus it remains to
computeπ(β). Forβ ∈ graphτ+, one finds for the first three columns ofπ(β) (the only ones we need):

1
N2



0 0 0

0 1 0

0 0 1

0 0 0

0 0 η/τ

0 −η/τ 0

0 0 0

0 − τ2−η2
√
γτ2 0

0 0 − τ2−η2
√
γτ2

0 0 0

0 −i τ
2−η2
√
γτ 0

0 0 −i τ
2−η2
√
γτ



,

with N2 := (γ(τ2 + η2) + 2(τ2 − η2)2)/(γτ2).
And, therefore,U1 = π(β)U1 := (J ,K,L,B,P,Q) is found solving

{
∂T + τ ′(η)∂Y +

i
2
τ ′′(η)∂2

y

}
U = − 1

N2



0

u(K,L)

v(K,L)

0

(η/τ )v(K,L)

−(η/τ )u(K,L)

0

− τ2−η2
√
γτ2 u(K,L)

− τ2−η2
√
γτ2 v(K,L)

0

−i τ
2−η2
√
γτ u(K,L)

−i τ
2−η2
√
γτ v(K,L)



.

Reality imposesU−1 = U1 and, thus, we have fully determinedU .

5.4. Maxwell–Bloch equations

A rough quantum model is given by the Maxwell–Bloch equations (see [4,9]), introducing another
unknown variablen which represents the difference between the number of atoms in the ground state
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and those in the excitated state. We suppose that one has the thermodynamical equilibrium at timet = 0,
and we denoteN0 the value ofn at this time. DenotingN := N0− n, the equations read

Et − curlB + Q/ε = 0,

Bt + curlE = 0,

Pt −Q/ε = 0,

Qt − (1/ε)N0E + (1/ε)P = −(1/ε)NE,

Nt = (1/ε)E ·Q.

Looking for solutions of sizeε2 of this system yields a problem similar to problem (1).
This problem is quite similar to those treated in the above section, and that is why we will only focus

on the problem of rectification. The characteristic variety of this system is the same as the characteristic
variety for the Maxwell–Lorentz model. We have thus already proved that rectification can only occur in
dimensiond = 1.

As in the previous section, computations yield that the nonlinearities predicted by Eq. (25) vanish
because of the polarisation conditions. We are thus in a situation very similar to the anharmonic oscillator
model, where rectification does not occur, and where all the equations determining the leading terma of
the ansatz are linear.

5.5. Ferromagnetism

Maxwell equations in a ferromagnetic medium read for the Landau–Lifshitz model
∂tE − curlH = 0,

∂tH + curlE + ∂tM = 0,

∂tM = M ∧H.
(38)

Let (E0,H0,M0) be a constant solution of this system. Inspired by [8], we seek solutions which are small
perturbations of this reference state under the formU = U0 + εu(εx), whereU := (E,H,M ).

SinceU0 is a solution of (38),H0 andM0 must be colinear and we will denoteH0 = αM0, withα > 0.
We obtain the following system onu = (e,h,m):

∂te− curlh = 0,

∂th+ curle+ (1/ε)M0 ∧ h+ (1/ε)m ∧H0 = −m ∧ h,

∂tm− (1/ε)M0 ∧ h− (1/ε)m ∧H0 = m ∧ h.

Therefore,u′ = (e′,h′,m′) := (e,h,
√
αm) must annihilate the following semilinear symmetric hyper-

bolic system:

∂tu
′ +

 0 −curl 0

curl 0 0

0 0 0

 u′ +
1
ε

0 0 0

0 M0∧ −√αM0∧
0 −√αM0∧ αM0∧

 u′ = B(u′),

whereB is the quadratic form defined byB(e′,h′,m′) := (0,−(1/
√
α)m′ ∧ h′,m′ ∧ h′).
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Fig. 2. Ferromagnetism.

We choose our axes so thatM0 is in the plane (y1,y2); thus,M0 has coordinatesM0 = (m cosϕ,
m sinϕ, 0). Forη = (u,v,w), one then finds the following dispersion relation:

τ3(−τ6 +
(
(1 + α)2m2 + 2|η|2

)
τ4

+
(
−|η|4 − 2α(1 + α)m2|η|2 − (1 + α)m2(w2 + (u sinϕ− v cosϕ)2))τ2

+αm2|η|2
(
α|η|2 + w2 + (u sinϕ− v cosϕ)2)) = 0.

Here, the origin inR1+d is the only singular point and is isolated so that Assumption 4 is satisfied.
This variety has 6 non-zero sheets that will be denoted byτ1, τ2, τ3,−τ1,−τ2,−τ3, whereτ1(0) =

τ2(0) = 0 andτ3(0) = m(1 + α).
This characteristic variety is by the way quite singular since its tangent variety at the origin consists

of two cones which coincide on two generators. Therefore, the origin is not an isolated singular point,
which illustrates the need of Section 2.5.

In dimensiond > 1, there is no flat part in CharT0; therefore, the equations for the mean field are only
given by (26) and, thanks to Proposition 8, we may omit to compute them.

Forβ := (τi(η),η) 6= 0 such thatN = {−1,+1}, we just have to computea1 anda−1 using (24):{
∂T − τ ′i(η) · ∂Y ±

i
2
τ ′′i (η)(∂y,∂y)

}
π(±β)a±1 = 0

(the nonlinearity vanishes since the contribution from a bilinear term to the first mode in the Fourier
expansion can only come from the interaction ofa0 anda1. But it is also required that both term be
transported byT1, which is obviously not the case fora0.)

In dimensiond = 1, CharT0 has only flat parts and, therefore, one can expect rectification effects.
The dispersion relation (see Fig. 2) is here

τ3(−τ6 +
(
2u2 + (1 + α)2m2)τ4−

(
u4 + (1 + α)

(
2α+ sin2ϕ

)
u2)τ2 +

(
α+ sin2ϕ

)
u2) = 0,
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which also reads(
τ2− u2)[(1 + α)τ2− αu2](1 + α)m2 sin2ϕ+

[
(1 + α)τ2 − αu2]2m2 cos2ϕ =

(
τ2− u2)2τ2.

We may suppose that foru > 0, one hasτ1(u) < τ2(u) < τ3(u). The slope of the demi-tangent to

graphτ1 and graphτ2 at 0 are, respectively,
√
α/(α + 1) and

√
(α+ sin2ϕ)/(α + 1).

The slope of the demi-tangent to graphτ3 at 0 is zero and tends towards 1 whenu → 0; therefore,
there exists two valueη1 andη2 for which one hasτ ′3(η1) = τ ′1(0+) andτ ′3(η2) = τ ′2(0+).

We thus chooseβ := (τ3(ηi),ηi), wherei = 1 or 2. One then hasN = {1,−1}.
Because of the rectification effects, one may have to compute here four coefficients:a1, a−1, a0,1 and

a0,2.
As usual, Eq. (24) givesa1 anda−1:{

∂T − τ ′3(ηi)∂Y ±
i
2
τ ′′3 (ηi)∂

2
y

}
π(±β)a±1 + π(±β)g±(a−1,a1,a0,i) = 0. (39)

As said above, we might have nonlinear equations fora0,1 anda0,2 because of rectification effects. If
sin2ϕ < 1, then the slopes of the demi-tangents at the origin are different and onlya0,i will be affected
by rectification. When sin2ϕ = 1, the slopes are the same and rectification affects both coefficients.
When sin2ϕ < 1, the evolution equation where rectification occurs is given by Eq. (25) and Section 4.1:{

∂T + vi∂Y + iπ0
iR0(∂y)

}
π0
i a0,i + π0

i gi(a−1,a1,a0,i) = 0.

When sin2ϕ = 1, rectifications occurs for the evolution equations of botha0,1 anda0,2:{
∂T + v1∂Y + iπ0

1R0(∂y)
}
π0

1a0,1 + π0
1g1(a−1,a1,a0,1,a0,2) = 0,

{
∂T + v2∂Y + iπ0

2R0(∂y)
}
π0

2a0,2 + π0
2g2(a−1,a1,a0,1,a0,2) = 0.

We have already computedv1 andv2:

v1 =

√
α

α+ 1
and v2 =

√
α+ sin2ϕ

α+ 1
.

We now have to find the expression of the nonlinearities. Simple computations yield that the nonlin-
earities involved in the equations for the nonoscillating component are equal to 0. Therefore, there is no
rectification, and the nonoscillating component remains equal to 0 if its initial value is 0.

Since these nonoscillating component appear in the expression of the nonlinearities in Eq. (39), these
nonlinearities are also equal to 0.

The approximate solution is thus given by solving the linear equations{
∂T − τ ′3(ηi)∂Y ±

i
2
τ ′′3 (ηi)∂

2
y

}
π(±β)a±1 = 0,

wherea±1(X, t,y,θ) := a±1(X,y − τ ′3(ηi),θ).
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