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Abstract. We consider here the consistency of the KP approximation for a Boussi-
nesq system. We consider the general case of two counterpropagating waves, which
do not have to satisfy strong zero mass assumptions. We show that without such
strong assumption, the KP approximation is not consistent with the Boussinesq sys-
tem, but that it is close to a consistent approximation. We give precise consistency
results, and also consider the case were no zero mass assumption at all is made.

1. Setting the problem up.

1.1. Introduction. The Kadomtsev-Petviashvili equation (KP) arises in the water
wave problem as a bidimensional generalization of the Korteweg-de Vries equation
(KdV), in the study of transversal stability of unidimensional solitons. This equa-
tion gives a model for the description of the motion of small, nearly one-dimensional
long waves. More precisely, the height ( of the free surface can be approximated
as
eC(t,z,y) = eA(et, ey, — t) + O(*/?),

where 0 < € << 1. In the absence of surface tension, the amplitude A(T,Y, X)
must satisfy,

20x0rA + 30% (A%) + LoY A+ 024 =0. (KP)

In the 2D case, the validity of the KdV approximation has been proved in [7] and
[9] as far as unidirectional waves are concerned, and in [15] for the general case.
These latter authors proved that the solutions of the water wave problem split up
into two wave packets, one moving to the right and the other to the left, whose
amplitude A4 and A_ evolve independently as a solution of a KdV equation

1 1
200 A, + gaX(Ai) +50%AL =0 and 2074 - gaX(A‘i) - 304 =0.

For the 3D case, validity of the KP approximation for the water wave equations
is still an open problem. In [8] and [13], the authors prove the validity of this
approximation for intermediate models: a Boussinesq equation and the Benney-
Luke equations respectively. However, these works only deal with uni-directional
waves, and make a restrictive ’zero mass’ assumption on the initial data, namely,
that the initial condition A4 (0,-,-) must be twice or even three times the deriv-
ative of a function in some Sobolev space H®(R?). In [5] the general case of two
counter-propagating waves is considered for a general class of quasilinear hyperbolic
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problems (which does not cover the water wave equations), and the restrictive as-
sumption on the initial data is not made. Generalizing the 2D result, it is proved
that a set of two uncoupled KP equations provides a good approximation of the
exact solution. Unfortunately, the generality gained in this work is at the cost of
having a worse convergence rate of the approximate solution; more precisely, it is
o(1) in [5] while it is O(y/2) in [8] and [13]!. In this paper, we want to concentrate
on the phenomena which explain these differences in the convergence rates. These
phenomena appear when proving consistency results for the KP approximation, i.e.
when proving that the residual associated to it is small. We chose here to start with
a Boussinesq System (BS) of equations, rather than from the full Euler Equations
(EE) because technicalities would have hidden the phenomena we want to enhance
here. Rigorous derivation of (BS) from (EE) is addressed in [3].

The interests of the results of this paper compared to those of [8] [13] [5] are the
following: we address the general bidirectional case and only consider the classical
zero mass assumption of the initial data; moreover, a careful study of the secular
growth phenomena allows us to give precise estimates for the residual, better than
those of [5]. We also give a result of consistency without assuming any zero mass
constraint at all on the initial data.

We would like to enhance the link between the zero mass constraint(s) and the small-
ness of the residual. We can describe our main results as follows: without restrictive
zero mass assumption, the KP approximation is not consistent, but very close to a
consistent approzimation of (BS). Only making strong zero mass assumptions, does
the KP approximation become consistent itself.

In Sections 1.2 and 1.3 we give the Boussinesq system we work with, and the
ansatz used. In Section 2, we derive the uncoupled system of KP equations and
consistency is addressed in Section 3. Because we do not want to make restrictive
zero mass assumptions of the initial data, we cannot prove directly consistency for
the KP approximation, and we have to use a new ansatz, introduced in Section 3.1.
The fact that this new ansatz is close to the first one, and that it is consistent with
(BS) is proved in Section 3.2; these results are improved in two distinct directions
in Section 3.3.

Remark 1. It should be clear that we do not deal here with the convergence
of the KP approximation towards the solution of the Euler equations, but only
with the consistency of this approximation, which is a necessary (technical) step in
the proof of the convergence. The non-standard part of this paper consists in the
precise low-frequencies cut-off procedure used here. This is why we have detailed
the computations. However, our main results can be stated very simply (see above)
and the difference between our modified ansatz and the original one are described
qualitatively in Remarks 4 and 5.

1.2. The equations. We work in this paper with a Boussinesq System (BS) which
reads as follows

Vi VC+SV(VP) =0,
(BS) 1
Ct+V-V+5<V-(CV)+§AV-V> =0,

IThe equations and scaling considered in these references differ one from each other. We have
therefore chosen to give the estimates the methods of these papers would yield for the present case
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where V' denotes the velocity field and ¢ the height of the free surface. The link
between this system and the full Euler equations for the motion of an inviscid and
incompressible liquid layer, with flat bottom, is studied in [3]. In the next sections,
we construct a consistant solution for (BS).

1.3. The ansatz. The Boussinesq system (BS) furnishes a model for the study of
2D long surface waves. Here, we are concerned with small transverse perturbations
of 1D long waves. This is modeled by looking for consistant solution to (BS) which
satisfy the Kadomtsev-Petviashvili scaling,

V,Q)(t,z,y) = (VF,¢°)(et, Vey, t, ). (1)

Moreover, we look for V¢ := (u®,v°)T and (* using the ansatz

’u‘g(Ta Y,t,l') = UO(T7 Y,t,l') +5u2(T7 Y,t,l'),
UE(Ta Y,t,ﬂ?) = \/E’UI(T, Y,t,flf),
C(T,Y, t,x) = ((T,Y,t,x) +el(T,Y,t, ), (2)

where T holds for et and Y for \/ey.

Remark 2. The dissymmetry in the expansion for u® and v® is due to the KP
scaling. Indeed, if the velocity potential satisfies the KP scaling, its gradient (i.e.
the velocity) will be dissymmetric in the sense that its second coordinate will be
/€ times smaller than its first one.

2. Formal derivation of the KP equations.

2.1. The method. Formal derivation of the KP equations is classical; we recall
it for completeness, and because all the terms are important when evaluating the
size of the residual. The method consists in plugging the ansatz (1)-(2) into the
Boussinesq system (BS). One then finds a residual R(V¢, (?) which can be expanded
into powers of € as

7
RT =RV, () =) I °R, (3)
j=0
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where for all j = 0...8, R(T,Y,t,x) does not depend on . More precisely, we
have

R® = (Duo + 0:C0,0,Co + Dpuo)” (4)
RY = (0,801 + 0y (o, 0)", (5)
R? = (3TU0 + Orua + 0, (2 + o0, 0, 0,
1 T
OrCo + 0:(2 + Opus + Oyvr + gaguo + 3z(§0“0)) (6)
R = (0,0rv1 + Oy (o + uedyuo,0) (7)
RY = (8’]‘“2 + %895(21;01& +v%),0,
1.5 1 o T
OrCe + gazuz + gayazuo + 02 (Couz + Couo) + 3Y(C0U1)) (8)
1 T
RY = (0, §8y(2u0’lm +v?), 0) , (9)
1
RG = (’UqazUz,O, 630((2“2) + ay(CﬂJl) + 58%((%112 + ayU1)> (10)
R7T = (0,u20yus,0)". (11)

The next task is then to chose the profiles ug, us, v, (o and (2 in order to cancel
the first terms of expansion (3). This yields the profile equations which determine
these terms, as the next section shows.

2.2. Derivation of the profile equations. We now proceed to cancel the first
terms of the previous expansion.
Order £°. Thanks to (4), it is obvious that R® = 0 provided that

{ ’U,()(T,Y,t,.’L') = A+(T,Y,.’I} _t) - A—(T’wa_‘_t)

Go(T,Y, i) = A (T, Y,z — 1) + A_(T,Y,z +1). (12)

Remark 3. This means that the leading terms of u® and (° are a superposition
of a right going wave A, and a left going one £A_. If one chooses the initial
condition (u®,v%, (%) = (ud(0,Y,0,z),ev9(0,Y,0,7),¢J(0,Y,0,z)) such that
ud(0,Y,0,2) = ¢(0,Y,0,z), then the left going wave vanishes from the leading
term of the ansatz.

Order 2. Next, thanks to (5), the condition R* = 0 gives v; in terms of (p,
01 + ayCO =0. (13)

If A (T,Y,X)and A_(T,Y, X) are derivatives with respect to X, then the notation
O A+ makes sense, and a solution to (13) is given by

01 (T, Y, t,x) = 05 Oy AL (T, Y,z —t) — 95 Oy A_(T,Y,x + t). (14)
Order . The condition R? = 0 reads, thanks to (6),

Orug + Orus + 8x<'2 + ugdpug = 0,
1
OrCo + 0:(> + Opus + Oyvr + 383% + 0z (Couo) = 0,
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or equivalently
(0 + 0:)(Co + u2) + Or(ug + Co) + 1aguo + uo0xup + 9z (Coug) + Oy vy = 0,
(0 — 02)(Ca — u2) + Or(Co — up) + gagug — up0zug + 0 (oug) + Oy vy = 0.
Thanks to (12), these equations also read

(O + 0.)(Co + up) + 207 A4 + %8§((A+ — A_) +0yv

+(3AL — A )Ox AL — (Ay + A_)OxA_ =0,
(0 — 0,)(Co — u2) + 207 A_ + %ag( (Ap — A_) + Oy

+(Ar + A )0x AL + (A —3A_)0xA_ =0.

If we want to avoid secular growth of the corrector terms (> and wus, a necessary
condition for the solvability of these equations is that (see e.g. [10] [5]) A+(T,Y, X)
and A_(T,Y, X) satisfy two uncoupled KP equations,

1
20T7AL £+ §8§(Ai + 8)}1832,Ai +34.0xAL =0 (15)

where we have also used (14). These equations can be solved using the following
(far from optimal) theorem

Theorem 1 ([17] [14]). Let s > 0. For any AY := 8X;1V3[ with Z‘i € Hst4(R?),
there exists To > 0 such that the KP equations (15) have a unique solution

Ay € C([~To, To], H**?) N CY ([T, To], H?),
Ay =05 AL € O[Ty, To), H*H?),

with initial data AL (0,-,-) = A%.

The equations (15) must be complemented by the following equations for the
correctors,

1 1
(O + 0.)(Ca + u2) g8§(A_ + 0y 03 A_ +Ox (AL A) + iaxfﬁ 16)
1 1
(Or — 0:)(C2 —u2) = —§5§(A+ —Ox' Oy AL —Ox(A A ) — §5XA2+,

where Ay is always evaluated at (T,Y,z F t).

3. Consistency estimates. Since the ansatz (1)-(2) has been chosen in order for
RO, R! and R? to vanish, one could think that because the residual R° of (3)
satisfies

7
. . T
e R ) < > e sup |RI(T,, g MRz )

T
sup |7zE (Ta T )
€ T€[0,To]

T€[0,To) j=3

it is of order O(g%/2).
However, there are two mistakes in reasoning like this: first, secular growth can
cause the quantities supco 1) |RI(T,-,T/e,-) me(r2 ) to increase as € tends to 0;

second, under the assumptions of Th. 1, some terms in the expansion (5)-(11) do
not make sense. This latter point is the most tricky and is the reason why we cannot
prove directly a consistency result for the KP approximation, and why we have to
change the ansatz.
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3.1. A new ansatz. The problem encountered with ansatz (1)-(2) is that expan-
sion (5)-(11) involves derivatives of Ay = 0% A+ with respect to the slow variable
T, while under the assumptions of Th. 1, ;1; is only continuous with respect to
T. In [8] and [13], the authors make restrictive assumptions on the initial data A%
(namely, that 8}2A[i or even 8;(3/13[ are in H?) which ensure the needed regularity
on Z; As explained in the introduction, we do not want to strengthen the assump-
tions of Th. 1. Because all the difficulties come from the fact that the operator
8)}1 is singular for low frequencies, we choose to work with a new ansatz which is
deduced form the previous one by cutting off the low frequencies, thus following a
procedure now classical in geometric optics [1] [2] [16].

With this idea in mind, let x° be defined on R as x°(s) = 0 if |s|] < & and
x’(s) = 1 otherwise. A straightforward but fundamental result is that 0 x°(D)f,
with D := —id,, is well defined in H*(R?) for all f € H*(R?), and that one has

0% (D)1 < 51l (7)
Our new ansatz (V=9,(%9) reads
u(T,Y, t,x) = [AL(T,Y,z—t)— AL (T, Y,z +1)] +eud(T,Y,t,2),
(T, Y ta) = e [ayiﬁ(T, Yo —t) — 9y A (T,Y,z + t)] :
T, Y ) = [AL(TY,2—t)+ AL (T, Y,z +1)] +e3(T,Y,t,2),

where A% := x?(D)AL and ;l\‘i := 0" A%, while (u, ¢9) is found using (16)°, which
are the same equations as (16) except that in the r.h.s. all the AL are replaced by
Al

A first consequence of this choice of ansatz is that we can write the term 95 6% A9,
which appears in the right hand side of (16)° as 03'0% A%, = 9x (0%°0% A%.) where
0203 A% € H*(R?), with |05°0% A% |+ < 2|A%|fre+2. It follows that (16)° can be
solved explicitely as

1{1 1
(&5 + ud)(T, Y, t, x) 5 [§6§(A‘i + 0203 A% + §(A‘5_)2} (z +1)

+ %Ai(m —t) [A2(z + ) — A2 (2 — 1)]

bl L@ -L@-n], s

together with a similar expression for (¢(§ — u$), and omitting the variables T, Y in
the r.h.s.

Remark 4. An important consequence of (18) is that the correctors u$ and ¢§ do
not grow secularly, while (> and us grew sublinearly, i.e. as o(t), in Sobolev norm.

3.2. Estimates of the residual. To the new ansatz (V= (%) corresponds a
residual term R°% which can be written as in (3),

7
R0 =RV, (%) = I PRIC, (19)
j=0

As in Section 2, it is clear that R%% = R'9 = 0, but we do not have R*% = 0
while we had R? = 0. Indeed, the splitting (15)-(16) shows that in order for R
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to vanish, Ai should satisfy the KP equations (15), while the equations actually
satisfied by A% are

1
207 A%, + §6§(Ai + 05107 A £3x°(D)(A+0xAL) = 0.

It follows that

R20 = 2(6X(Ai2 + A% %) D)y (A% + A2),0,

Ox (A} +48°%) -\ (D)ox (43 - 42)).
In order to estimate R*?, we need the following lemma.

Lemma 1. Let s > 1 and f € H*(R?), and denote f° := x°(D)f;
i. One has |f‘52 —x%(D) f?|g- :~o(1~) as § goes to 0;
ii. If f € H*TY(R?) and f = Ox f, f € H*TY(R?), then

0x (£ = X*(D)f*) s < Cst & (| flgrss | Flirsr + £ )5

iii. If, moreover, the partial Fourier transforms F,f and ]-'xf belong both to
L>*(R¢; H*(Ry)), then

|3X(f62 —X*(D)f?)|ms < Cst 6%/ (|f e+t [Foflrene + | flue JTxf|L°oHs) .
Proof. From the triangular inequality, one has |f‘i2 —X°(D)f* s < |f‘52 — 2l +
|(1 — x°(D))f? |- and hence

2
1f°7 =X (D) | <201 = X (D)) fla= | flas + (1 = x° (D)) f? |- (20)

Point i. of the lemma follows from (20) by a simple dominated convergence theorem.
As for (20), one also obtains

0x (£7 = X" (D) )= <21 =X (D) f et + (1= x"(D))dx f°

Hs+1 |f Hs-
For any function g € H?, one also has |(1 — x%(D))dxg|ms < Cst d|g|ms since
|(1 - x°(£))%¢%| < 62, which yields point ii.
The last point of the lemma follows from the fact that for any function g,
1/2
|(1-x°(D))0xglg- < Cst (/ ‘ |f|2df> |FaglL s
§1<é
< Cst 53/2|fzg|Lst.
O

It follows from Lemma 1.ii that under the assumptions of Th. 1, one has
IR\ e < C (|21; Hs+2) 5. (21)

We now turn to estimate the residual terms R7° of (19). These terms are deduced
from (5)-(11) by adding the J index everywhere. Using the explicit expression (18)
of the correctors ug and (g, together with the fundamental estimate (17), these
residual terms can be bounded, under the assumptions of Th. 1, as

) — 1

IRM| g < C (|Ai H5+4) (1+ 3): for j=3,5,6,
) — 1

RV < O ([ Axlpore) 1+ 55), for j=4T.
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It follows that
N e3/2 g2
sup |R%(T,-,eT, ) gs < C (|A:|:|Hs+6) (ed + 5 + 5_2)
TE[U,T()]
A rapid analysis shows that the best & possible is given by § = ¢'/* for which the
r.h.s. is of order O(/*). Most of the work for the proof of the following theorem
has thus been done.

Theorem 2. Let s > 2 and A% := 8X;1v3: with Av(jt € H*t%(R?). With Ay as given
by Th. 1, the KP approzimation

€ € — A (Etv \/gy,t—l') —A,(St,\/gy,t—}-l‘)
ierGer) o= (G VAT LA VA )

converges towards a couple of functions (us consistent with (BS) in the

Ceons)
cons’ Scons

sense that
|(u§(P) C;(P) - (uionw C€'0n8)|L°°([O,%]><R2 y |Rcons|Loo [, E]sz = 0(51/4)7
where RZ,,,s is the error made when plugging ( & nss Coons) 0 (BS), with V2, & =

(uions)\/gvcons)f |U§ons|Hs = O(l)

Proof. If we take (V. Cons (VE’51/4, C5751/4), the analysis made above shows

) =
that the residual is of order O(g%/ ) in H*(R% y). The difference

1/4
= @, ¢ = (uiep. Giep)

satisfies the estimate, in (X,Y") variables,

/ 1/4 1/4 1/4
& < (=X (D) (A, A e + VEWTE |me el (st G ae
1
< Cst 51/4|A:|:|Hs +\/_|A:|:|Hs+1 +SC(|A:|:|H3+3)(1+ 1/4)

where we have used Lemma 1.ii and the estimates already used on v{ and ({3, u3).
From these Sobolev estimates, one deduces L™ estimates in profile variables because
s > 1, and one just has to substitute et to T and /gy to Y to obtain the result of
the theorem. O

Remark 5. i. If (V£,,(5,) is an exact solution of (BS), it follows from the above

theorem that formally, one expects |(uZ,,(Z,) — (U5 p, C%P)|Lw([0’%]xw) to be of

order O(g'/4).

ii. The reader can observe that the results would not be better if we kept only one
direction of propagation (which is possible according to Remark 3). This means
that the coupling effects between the two counterpropagating waves are not the
reason why we cannot find the same estimates as for the KdV approximation. This
is quite a striking result since the solutions of the KP equation do not decay fastly.

3.3. Improved results. As previously said, assuming that 95203 A% € H® is too
restrictive, but we can make more reasonable assumptions on the initial data in
order to improve Th. 2. For instance, inspired by the study of secular growth [11],
we can assume that the Fourier transform of the initial conditions are bounded.

Theorem 3. Under the same assumptions as in Th. 2, if moreover F, A% and

.7-};1\[1 are in L®(Re; H*(Ry)) then the O(e'/*) of the estimate of Th. 2 can be
improved up to O(g3/10).
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Proof. 1t is easy to check that F AL and .7-';1; are in L>°(R?) for all times, provided
that it is initially true. Using Lemma, 1.iii, the estimate (21) on R*? can be improved
up to O(6%/?). Choosing § = €'/> one obtains as above that the residual satisfies

RV ¢=27) = O(e13/19). Since moreover, still using Lemma 1.iii, one has
|(1— X‘fl/s(D))AHHs = O(e%/19), the result wanted is obtained as in the proof of
Th. 2. o

Another intersting improvement of Th. 2 consists in weakening the assumptions,
and particularly the zero mass constraint. Solving the Cauchy problem without
such a constraint is possible (see e.g. [6] [12]) and using Lemma 1.i and the same
kind of proof as for Th. 2-3, one obtains,

Theorem 4. Let s > 6 and Ay € C([0,To), H*(R% y)) be a solution of the KP
equations (15) with initial condition A% € H*(R?). Then Th. 2 is still valid, but
one has to replace the O(c'/*) of the estimate by o(1).

Acknowledgement. The author wants to thank warmly one of the referees for
pointing out an error in a first version of this paper.
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